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Transport Theory of Latt1ce Bosons

Assa Auerbach, Technion, Israel

1. Hard core bosons = quantum magnetism

2. Difference between low density versus half filling.

3. Quantum vortices: Studies of the Gauged Torus.

4. Hall conductance and V-spin.

5. Temperature dependent dynamical conductivity and
resistivity.

Netanel H. Lindner and AA, Phys. Rev. B81, 054512, (2010).
Netanel H. Lindner AA and Daniel P. Arovas, Phys. Rev. Lett. 101, 070403 (2009)
+ Phys. Rev.B (in press);arXiv:1005.4929



-
(@) -
O ©
nly 5
— .
1)
e
P
S
o
I3
>
(D)
©
=
M
1
C
©
e
o
O S .
- ° o
© ©
n —
O 7
c =
@)
S o
O 5 ©
M =



Bose Hubbard Model
Single (s-wave) band H = —tZa:{aj + szn,f — pzm

Zimanyi et. al (1994)

N superfluid
~ 1 phase order

- - |
04-|-- 0.05 0.1
t/U

S=1/2 , XXZ model S=1, O(2) relativistic GP

Altman AA, ! B ! ! ! Altman AA,
n ntl PRL 89, (2002)

PRL 81, (1998) L



Hard Core Bosons = spin half representation

, truncation
U(n; — i) of Hilbert space

spin-1/2 doublet ——

i1 @5 | =

especially around half filling (n=1/2)



Effective Hamiltonian
1. Gauged Bose-Hubbard model

Hy = —QJZ (e {1*{1 — ﬂ_iq"q‘iia;[ai)
+4VZ i— 3 —#Zn +§UZ n; — 1)

2. large U/J - Gauged Spin %2 XXZ model

H=—-2TY (ewf*ejﬂjsj— + E—W%S;.ﬁ';]
{17}

+HAV Y SPS;—p ) (SF+3
(1,3} i

D CHES (b)Y = (S7) + i(SY)



BCS vs HCB Superconductors

Cooper pair operator bl = > " f(r)cl_, prck, o)
f(r) _ a;—‘f‘/ﬁﬁcs
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BCS regime = large coherence length V,f T
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Limit of short coherence length:
krE<1 bl = clwh

- hard core bosons ’{;« ‘:3)&
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(61)“ =0 {bx,bxf] (1 —2nx)d(x —x') $ * Bl



Ground states of Hard Core Bosons

Mean field theory  [@¥o) =TT |S(z:))

V/J
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O(2) Ferromagnetic
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half filling: ordinary statics,
- Interesting dynamics!



Semiclassical theory

Spin coherent states path integral

— fﬂﬁ‘{r ) exp (/S dr (iK — Hd])

Hcl[ﬂ Al = —JZsmH sin #; cos (¢; — @ +thJ)+VZ::nsH cosfl; — LZEGSH.
(2.7) (2,7)

Berry phases: k(2,0 = 2{1—::{:-5& ) b

1. Classical (mean field) theory: §H®[6;, ¢;] — 0
2. Semiclassical dynamics: get, et

. OH ¢! , 8Hc1

P; = cos; =

d cosb; 0oy



Low density limit
n<<1,  cos(f;) ~—1

1 . _
5 sin(6;)e’® — /ne'® = (z;)

- Gross Pitaevskii theory

P~

Zop = [ DU DY exp(— Seplv” 4] +..)

. u 1 _ 12
Sap = /dzﬂ:/df- [tﬂ‘ (0 — p)t +m‘(—ﬁ—qﬂ}w‘ + %9|t'5‘|4]

Approximate Gaililean symmetry (lattice is unimportant)



A Vortex in Gross Pitaevskii theory
Pitaevskii, Stringari, BEC (Oxford, 2003)
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Dynamics of a Gross-Pitaevskii Vortex

R = %z x VH[R]

Without tunneling:

1. Vortices move on equipotential contours

2. No energy dissipation

- Vortices ‘Go with the Flow’ = trivial transport

Ey Prxr = 0

S 5
@ N Vo= Vs Pey = —
S =
T/g_\\ classical Hall number




Emergent Charge Conjugation Symmetry

2 | Mean field theory
ps =4Jn(l1—n) s
©
1. 2
. o S
Charge conjugation in XXZ model. 3

C = explim) . S7)

S7 — =57
ST — S

+ o 1. In Hard core limit
CTHIA, m]C =H[-A,1-m| 5 on ALL lattices

symmetry of Oz (n) — Jmm(l — n)
transport coefficients: gz, (N) = —0zy, (1 — 1)



No Magnus F
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Magnus force l
F = thn, x 2

<
hole current

>

/zérticle current

Magnus dynamics turned off!
No Hall conductivity



Escher, Day and Night, 1938




Half Tilling — Quantum

Antiferromagnet
sublattice rotation §% — (—1)*S?

_ J2§2 87 easy-plane S=1/2

rrz . . . <
AT = B 8 © ™7 antiferromagnet
(i3)
Haldane continuum representation:
Neel field canting field

@ =, a(x,)\/1 - (L(=,)/S)" + L(x,)/S

Non Linear Sigma Model (easy plane)
. 2 .
Lg= %;u |“-’M| + %Xz s (24)
D |(V —igA)n |* + $p% (V) + m2nl,

+ Berry phases

relativistic (2”0' order) dynamics



Superfluid phase

order parameter field W (x) = ng(x) + iny,(z)

Relativistic Gross-Pitaevskii = O(2) field theory (Higgs)

SRGF—/dmde

5 (12 — A%

//////

*’-«
N

/////

//////
~~~~~~~~~~~
e EEE— e

Berry phases

1. Irrelevant for static corelations in superfluid phase.

2. Relevant for quantum disordered phases, (Haldane, Read, Sachdev)

3. Relevant for vortex dynamics, degeneracies(Lindner AA Arovas).



Magnitude mode oscillations

Lindner, AA, PRB (2010)
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Analogues: (w Daniel Podolsky)

Oscillating coherence near Mott phase of optical lattices
Magnitude mode in 1-D CDW's

2-magnon Raman peaks in O(3) antiferromagnets



Vortex profile at half filling

(classical)
Vortex = meron (half skyrmion)
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exponentially localized core
staggered charge density wave — no net charge

CDW in vortex matter: Lannert, Fisher, Senthil, PRB (01)
Tesanovic, PRL 93 (2004), C. Wu et. al, Phys Rev A 69 (2004)
Balents, Bartosch, Burkov, Sachdev, and Sengupta, PRB 71, (2005).



Study of Quantum Vortices: the Gauged Torus
H=—27) (efﬁ”’*if S;S: 4+ e A S ,5*;)
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O, gauge field

R, B (0,.8,) = (0,0)
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Lindner AA Arovas, PRL (2009)
+ Phys. Rev.B (in press);

Aharonov-Bohm fluxes arXiv-1005.4929



Hall conductance

Avron and Seiler, PRL (85)

Ground state Chern class = Hall conductance (finite system)

T o
Tay(N) = do, [de, Im ( - k
¥ 7t i d Y dB

Aharonov Bo fluxes

)\ > .
56,/ integer

“adiabatic curvature”



Hall Conductance of Hard Core Bosons

Thermally averaged Chern numbers

27 p27 —E. /T b, | b
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Gross Pitaevskii .
L Lattice induced

charge conjugation antisymmetry

- half filling
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Drift direction reversal: proposed cold
atoms experiment




Quantum Degeneracies in Vortex states

Exact spectrum of the gauged torus at half filling

A

-7.1
-7.21 -
73l u

E, 5.4 Odd number of vortices
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Theorem:.
Doublet degeneracies, of all eigenstates, occur when the vorticity center
IS situated precisely on any lattice site.

Proof:
We construct a non commuting algebra of symmetries



The Pi1 operators
1 = P2[R,] - C - U%[A]

IIY = PY[R,] - C - UY[A]

/

1. Reflection about R,
2. Charge conjugation (' = ¢'" D S%

3. Gauge transformation U = exp (zz x“(r) Sﬁ)
X% (r) = / ar' - (A(r') + A*(r"))
Ry

4. Compute Commutation ITY IIE = exp (1 > (- xE(Pﬁ[r]))Si)Pﬁ Ry,

I I = exp (i Y (x" — x¥(Ri[r]) S5 ) By B

T
_iTﬂﬂ H\?.,

-1 for odd flux



The v-spin algebra

[I* = P*[R,] - C - U%[A]
1Y = PY[R,] - C - UY[A]

Point group symmetries [H[@],H‘“[RU]] = [H[@],H?"[RU]] =0

For odd vorticity I[IF11Y = (—1)"?\r“f’1_l?’{l_[ﬁE = ¢[I*
=> All states are doubly degerenate

I | B, %)) = —II°IIY | B, %) = T | B, %) = | B, —70%)



Illustration of 3 vortices with v-spin

Implications of v-spins:
1. v-spin order = supersolid in the vortex lattice
2. Low temperature entropy of v-spins



Conductivity above BKT transition

2D

~ Aexp| —
Ps T = Tggr) Tk,

vortices proliferation
TEI{T = 1.41J.

Vortex plasma conductivity
Halperin- Nelson

2
oHN = T (1) +o N (T)
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O’N(T),Dv Z'?




PHY SICAL REVIEW B 81, 054512 (2010)
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Conductivity of hard core bosons: A paradigm of a bad metal

Metanel H. Lindner and Assa Auverbach

HCB Current Operator .J,. = 4q']z Sr8Y . —Svse..)

Real Conductivity:

superfluid stiffness

o(f,w)
G"(f,w)

qgﬂps(ﬁ)fﬁ({ﬂ) 1+

1
2

rr+x

current fluctuations function

|

tanh (/2 s

W

fj‘:’ dte ™ ({J,(t), J-(0)}) 5.




Current fluctuations function

G"(B,w) = _%ImTr (e—ﬂﬂ {JI ! JI})

"w— L 4+ e

Liouvillian hyper-operator £ = [H, -]

Moments expansion:

/ h ﬁka”(ﬁ?w] = ({Jo, LI V)5 = pi(B)

oo T \

Static correlators:
amenable to high T expansion

We can invert a finite set of moments
If we know the high order asymptotics!



“Gaussian Termination” — high coordination

e
- @
QHIE‘:TE o ?;15':2 S;n @@@g@@@@@@@
R " ®
@
: L 2 3 S
ﬁ(}ﬂ —_— L] e ® e o
eeQeQOeQeEQOQRPQPEOEO P00 Q0QQeQeee eePRPPOQEIEQEQCQCE® q\
@ L ] ° ) ...... QH
o ¢ ° O
X o | N
) ®  iaeaiaas
L
Linear recurrents—>Gaussian dissipation /i
Im (0] (w+ie — £)71|0) =
w+ie —{ 0 0 . 1
Q wHie =20 0 — 2 /02
Im 0 V20 wtie —/30 X €
() 0 —V3Q w+ie
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convergence

® o o o

(T |m)* 8w + E, - E,)




High temperature resistivity

R(T) =0. 2Ry {1 -2 9(ﬂﬂ2+ OL(JIT)*]}

J' dw hnh(ﬁmﬂ) (8. 0) = (- K.Y

~— I‘.b ]
1
¥ g ‘ Q : f-sum rule,
bl : — high T expansion
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: Kinetic energy
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“Bad Metal’:
linear increase, no resitivity saturation



RESISTIVITY (uQ cm)

‘Bad Metal’
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“Homes law” of HCB

Rq
R,

p.(0) = 0.245-2T..

Data: Homes et. al.
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w%s {cm™)

Ps =

“Homes Law”

A universal scaling relation in high-
temperature superconductors

C.C. Homes', S. V. Dordevic', M. Strongin', D. A. Bonn®, Ruixing Liang’,
W. N. Hardy", Seiki Komiya’, Yoichi Ando’, G. Yu*, N. Kaneko’*, X. Zhao’,
M. Greven®, D. N. Basov’ & T. Timusk®
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Summary

. Lattice effects on hard core bosons and their vortices
are crucial around half filling.

. Hall effect reverses sign at half filling, where Vortices
acquire spin-half (“V-spin”) degeneracies.

The Higgs amplitude mode should be observable at
integer and half fillings.

. At high temperatures, HCB and free vortices strongly
scatter. The liguid exhibits non-Boltzmann “bad metal”
resistivity.

. HCB may capture some unconventional transport
properties of strongly fluctuating superconductors...



Vortex-Charge Duality

density of induced vortices, /

n, = Bq/(hc) Je

/ E'U:i

h

Vortex driving (Magnus) field €v = E’jﬂ X Z
-1 h .
EFE=—-—c'V,x B=—0J, xz2
q
i . 3_3
Vortex Transport Equation 7% = Z o2Peh
A
— — Yy — ;E),

2
: h

P ( ) oy (&1

Boson resistivity _—— q T

-

Jﬂl =

T vy _ (h)gﬂﬂm.



Vortex Motion induced EMF

- =<

Multiple moving _
vortices create a stress field Y=mv(x)=hVo =hz <« T,

=Hydrodynamic Lorentz’ field T — —E x B
C



Quantum Melting

Multivortex hamiltonian = Bose coloumb liquid
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Magro and Ceperley: Wigner solid melts at r, = 12

7% = mnyad, apg = |

&

i )1/2
Tri-."l-'.lrv :

Therefore, the vortex lattice should quantum melt at

V
ne < (6.5 — T.Q?) x 1073 vortices per site,

Quantum Vortex liguid: not Bose condensed!



Quantum melting in cuprates

Low temperature vortex liquid in Las_,Sr,CuOy Nature Physics 3, 311-314 (2007)

Lu ‘Lil, J. . Checkelsk}rl, Seikl Eumi}rag, Yoichi Ando?, and N. P. Dngl“

A quantum phase:
Vortex condensate?
Vortex metal?

classical

0.00 0.02 0.04

T, decreases with field. (Non classical)



