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Plan I

I. The Projector Augmented Wave (PAW) method

e Description of the basis set
e Comparison with the FPLMTO optical spectra
e The band gap problem

II. Implementation of the GW-PAW approximation

e The quasiparticle (QP) equation
e The self-energy within the GW approximation
III. Applications

e QP energies of semiconductors and insulators

e Effects of correlation on optical spectra



The PAW method

The Projector augmented-wave (PAW) method was in-

Idea :

T) = [0) + |P..) — |[P..)



The PAW method continued ...
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LDA potential and v,y of Si on the (001) plan



The PAW method continued ... I

1. Pseudopotential ¢ : |¥) = > ac |G) (planes waves)

2. Atomic potential v : |¥ ) = = ¢;|¢;) (partial waves)
2

aug

3. Atomic Pseudopotential o: |¥_ ) = ¥ ¢;|¢;) (partial
2

pseudo-waves)

Crystal wave function :
(W) 2 |W) + Y cildi) — X cildi),s

where the c¢; are to be determined.
Conditions to be satisfied:

orc Q: W(r)=U(r) (true by construction)
oer c O : U(r) = %ciqbi(r) (desired equality)
Condition satisfied if: ¥(r) - %czqu(r) (r € Q=)
The projectors |p;) are defined as:
(reQ"p;) =0 Ve
(Bildi) = 65  Vi,j
—  (ld) = (le)  ifreom




The PAW method continued ... I

The c; coefficients are then given by:
(B;|¥) = ;ci@jl&:) = ¢
The crystal wave function becomes:
¥) = |¥) + ;(@:@) (|¢z‘> - |<5i>)
145 (10 — 160) @[ 19) = TIF)

The transformation operator 7 is defined as:

T = 1-|—§(|¢7:> — |#4)) (Bil



Illustration of the PAW Augmenta-
tion

Example: 3s, and 3p partial, pseudo-partial waves, and

projectors of Si.




Expectation value of a local opera-
tor

Expectation value of a local one-particle operator
(A) = ;(ﬁ’n|A|‘i’n> + %Di,j<¢i|A|¢j> — %Di,j@ilAld;ﬁ
+oS(wElAlw) |
with a one-center density matrix
Dij = S5l %) (Bl

and the core state contribution |¥¢).



Example: Electronic Density I

Electronic density n(r) is composed of a plane wave part
n(r) and two one-center components n'(r) and n'(r)

n(r) = @(r) +n'(r) =i (1)
" ’LZJ: ¢; (1) Dij¢i(r) + n
— Lz; QB;(T)Di,jQB‘j(r) _Re

Dij = S(5il ) f(|5;)
fn = occupation number (i.e. 0 or 1)

The electronic density (like the wave function) is divi-
ded into:

e A plane-wave part

e Two partial expansions per atom in radial functions
times spherical harmonics



PAW total energy I

E(¥,,R) = E+ E' —
Plane-wave part
B = 3 fulll - V2I0)
+ % [dir [ g3 {7 F "(rg)_(i(T) + A(r’))
+ [ driv(r)ese(r, [3]) + [ d*ro(r)i(r)

One-center expansion of the plane-wave part

— %Di,j@d - %V2|$j>
+ % [dr [ o (1) + n(rr) )_(fi,fr/) + n(r'))
b [ Bt () eper, [71) + [ dPror)it(r)

One-center expansion of the true density

E! = > D j(¢i| — %Vzlcbj)
(n'(r) + Z(r))(n'(r") + Z(r"))

| — 7]

+ %/d?’r/d?’r’
+ /d?’rnl(r)emc(r, [n'])

The compensation charge density 7 is such that (n' +
n?) — (n'+fn) has vanishing electrostatic multipole mo-

ments — it does not interact with the charge outside
s,



Effective Hamiltonian I

The total energy E is stationary / variational parame-
ters (¥,,), with the condition insuring the total number
NN of electrons

Zk fm,k<\Ilmk|\I’mk> — N = 0.

The effective eigenvalue problem is then deduced from

0 - - -
= E — €,k Zk fm,k<\Pmk|O|\I’mk> — N || = O?

O (W, x|

where €, are Lagrange parameters. The variational cal-
culus leads to the effective Schrédinger equation

I~{|\I~lnk> — 6'nk[)l\i:’nk>7

where the effective Hamiltonian is given by
2

Vv ~T T
H = —— ters(r) + X 1P (PS I,

T’L,]
The local term v.f¢ is given by

tuss) = [ ar™ LT 4 60) 4+ vncfio)

and the non local term is defined by the matrix elements
I‘Zj = H T _ HT., where

277
2

H}; = (97|

and

H = (9]

+vH[n, +n ] + v (r) + Vae[nr (1)) |¢T>

2

+ vg[n, + 1| + ’UE(I‘) + Ve[ (T)] |§5;>



Dielectric function of S1 and GaAs
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The PAW (solid line) and the FPLMTO (dashed line)
calculations are in good agreement. The local-field and
the excitonic effects are not included in both calculati-
ons.



The DFT band-gap problem I

e Kohn-Sham Equation

[ho(r) + Vae(r)] Wni(r) = €ncPni(r)

2

\Y%
ou hO(I') = —7 + ‘/:ea:t(r) + VH(I')
e LDA band gaps
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The DFT band-gap problem conti-
nued ...

The band gap E, is defined as the difference between
the ionization energy and the electron affinity

E, = ENN-1) _ E(N)} _ {E(N) _ E(N+1)] — T — A

where EVE1) represents the energy of the fundamental
state of a system of N 4 1 electrons.

It was shown by Schliiter and Sham (PRL, 83) that the
DFT band gap egDFT s not equal to the quasiparticle

gap E,

g

= Vet (r) — v (r)

N N
A=E, — e Eg — lEJ(\H-)l,DFT - EJ(V,J)JFT]

- K » k
N électrons N+1 électrons




Hartree-Fock approximation

e Self-energy X

e Hartree-Fock band gaps
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The GWA (Hedin, 1965) I

e Kohn-Sham equation

[ho(r) 4 Vie(r)] Wi (r) = €ncPri(r)

e Quasiparticle equation

ho(r)®® (r) + /dSr'E(r, ', e WP (r') = eX WP (r)

n

e Self-energy >
7 .
Y(r,r,w) = o / dw'G(r,r',w + O )W (r, 1, w/)ezéw

where the dynamical screened interaction is defined
by
(r,r',w) = /dr”e_l(r, r’, w)v(r”, r’)
v represents the bare coulomb interaction and e~ ! the
inverse of the dielectric function.
Any two point function f(r,r’) such as f(r+R,r’+R) =
f(r,r’) has the following Fourier transform
f(ra rlv w) — 1 > ei(q+G)rfGG’(q, w)e_i(q+G,)r,
Q q,G,¢
q € BZ, G areciprocal vector, and €2 the crystal volume.

The Fourier transform of the screened interaction W
can be written as

1 1
Weo(q,w) = Ar—e t(quw)——
(7 ) |q_I_G| G,G(’ )|q+G,|
The Green function G is computed within the LDA
W (r) W7 ()

G r r/ w) = ].im
( »E ) 5§—0+ 7%:( W — €,k + ’I:(sSgn(enk - I'l’)




The GWA continued ... I

The self-energy can be written as
1 .
(Wonic| 5 (w) [ W) = o >y Mg &k, @) Bggr(k, ) [ME™(k, q)]",

where
Weer(g,w')
w+ W — €px—q + t0sgn(€enk—q — ,u)’

BgG,(k, q) —/dw' 16w’

and the matrix elements M{™(k,q) are given by
ME™(k, q) = (Wpi_gle T | W)

The self-energy can be decomposed into two terms which
are integrated on the complex plan.
The first term is called the Hartree-Fock term and is

given by
4 Mg (k, q) [ME™(k, q)]*
U, 2, = ——— S E S -
< kl | lk> Q0 nzozcc%:%: |q—|— G|2
The second term 1is called the correlation term and is
given by
1
<\Ilmk|20(w)|\1!lk> — 5%: %, Mgf(kv q) [Mnm(ka Q)} C'G’(Ogi:’ (w)v
where
Cor(a, )
G’g" (w) = —/dw Wealaw

w+ W — €px—q + t0sgn(€nk_q — ,u)’

and where W¢ is given by

Wla(g,w') = Waar(q,w') — vaar



GWA continued ... I

e Solution of the QP equation
o (r) = %amn(k)ank(r)

In practice, ann >~ Omn (Hybertsen-Louie, 1986). Then
the QP energies are provided by

€ = Emk T <\I’mk|2(€gfk)|q’mk> — (Wi | Vae[120 (1) ] [P i)

assuming that Vwcc""“e_”al ~ Ve[ + 1e] — Vie[1y]

e Practical scheme

<\I'mk|2 (r, r, 6mk) |‘I’mk>
_<\I’mk|VmC(r) |\I’mk>

where the renormalization factor Z, is defined by

o0
an — [1 - <\Ilnk|8—wz(ra I‘,, 6nk)l\:[’nk”_l

Since %E < 0, the renormalization factor should be
between 0 and 1.



Removal of the double counting I

e LDA decoupling;: Vwcc""“e_”al ~ Vie[ny + ne] — Vie[ny)

eIl — { €mk + (Wimk|2(r, ', ngflll)|‘1’mk>
mk — (Wi | Vae |10 ()] | ¥ )

3 . - l ~
e Hartree-Fock decoupling: Vre—ve ~ Ve

eIP:?2 — { €mk + (Wmk|2(r, ', €%§2)|‘I’mk>
mk — (Ui | Vae[no(r) + 1e ()] | P k) + <\I'mklv)€'(r7 ') | W)

® Results for silicon

ch[nv + nc] — V)% V:L'C[n'u] 6qp,2 eqp,l

Ty, “11.60 1145 00 00
Tise -10.34 1019 3.15 3.15
X 40 -10.85 1074 -3.05 -3.01
Xie -9.25 915 110 1.15
Ly, “11.33 1120 -1.28 -1.26

Lic -10.39 -10.28 212 2.16




Comparison with plasmon-pole
model

e Homogeneous electron gas

e Hgw) =1+ A, (w _ (:q —i0) w+ (:q — ié))

e Calculation of parameters A, and w,
(1) Static limit of e (g, w)
(2) Johnson sum rule

/OOO dw w Im [e_l(q,w)] = —gwi

® Results for silicon

LDA GW GW with Plasmon-pole model
Von der Linden et Horsch Engel-Farid

Tos, 0.00 0.00 0.00 0.00
Tise 254 3.09 3.09 3.13
Xy -2.85 -2.90 3.01 297
Xy 061 1.01 1.09 1.17
Ls, -1.19 -1.16 -1.28 1.7

Li. 144 205 2.09 2.12




Direct integration versus Padé I

Contour integral Analytical continuation

i “11.85 11.87
Tosry 0.00 0.00
T'ise 3.09 3.09
Ty, 4.05 4.06
X 14 774 768
X 4o -2.90 291
X1e 1.01 1.03
X 4o 10.64 10.59
Loty 957 -9.50
L1y 6.97 -6.90
Ly “1.16 117
L1, 2.05 2.03
L. 3.83 3.83
E, 0.92 0.90

Calculated quasiparticle energies of silicon using two
different integration schemes. The results are in good
agreement.



QP band structures |

Energy relative to VBM (eV)
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Electronic structure of LiF I
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GW band gaps I
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Re <(w)>(eV)

Spectral function of silicon at I
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Life time of the QP of Si at T I
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Optical properties within RPA I

e RPA formulation

q—0

e(w) = limego(q, w)—lim > eO,G(q,w)ealG,(q,w)er,O(q,w)
q—0 G,G/#0 ’

e RPA dielectric function of Silicon
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Static dielectric function I

The static dielectric function is obtained using the KK
relations
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Excitonic effects (Hanke-Sham,
1975)

e Bethe-Salpeter equation e Expression for the Kernel

1 2 1 2 1 3 4 2

S| _ - - = _Is

[1]

=(3,3',4,4") = i6(3,4)8(3',4" )W (3,3)—i6(3, 3')6(4, 4")v(3, 4)

e Reformulation of the Bethe-Salpeter equation

3 4 3

4 3 4
=, - -
) 41 3! 41

(elf — eB) Ajy + T (vek|EW'CK) A 0 = ExAy,

’C’

e Macroscopic dielectric function

47?1
e® (w) = hm%x—xz S (vk|e~7| ck) AN
q?

vek

5(w—E)\)

vek



Excitonic effects (Hanke-Sham,
1975)

e Silicon
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Semiconductors of type III-V and

diamond
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Ionic insulators I
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Conclusion I

Results
e GW-PAW = € in good agreement with experiment
e ¢/ = Calculation of the optical properties

e Excitonic effects crucial = Bethe-Salpeter equation

Outlooks
e Extension to more complex systems
e Selfconsistent GW-DMFT

e Determination of XAS spectra



