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Motivation

The Higgs sector of the minimal supersymmetric extension

of the Standard Model (MSSM) is a constrained 2HDM.

However, whereas the tree-level model is constrained by

SUSY, at one-loop all possible 2HDM interactions allowed

by gauge invariance are generated (due to SUSY-breaking

interactions).

Thus, the Higgs sector of the MSSM is in reality the most

general 2HDM model (albeit with certain relations among

the Higgs sector parameters determined by the fundamental

parameters of the broken supersymmetric model).

The general 2HDM consists of two identical (hypercharge-

one) scalar doublets Φ1 and Φ2. One can always redefine

the basis, so the parameter tan β ≡ v2/v1 is not meaningful!

To determine the physical quantities, one must develop

basis-independent techniques.



The General Two-Higgs-Doublet Model

Consider the 2HDM potential in a generic basis:
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The vacuum expectation values (vev’s) are 〈Φ0
i〉 = vi/

√
2, with

tan β ≡ v2/v1 and v2 ≡ v2
1 + v2

2 = (246 GeV)2. The parameters

m2
11, m2

22, m2
12, λ1, . . . , λ7 and v1, v2 would change under a

U(2) transformation Φa → Uab̄Φb (and Φ†
ā = Φ†

b̄
U†

bā). To identify

invariants, write :

V = Yab̄Φ
†
āΦb + 1

2Zab̄cd̄(Φ
†
āΦb)(Φ

†
c̄Φd) ,

where Zab̄cd̄ = Zcd̄ab̄ and hermiticity implies

Yab̄ = (Ybā)
∗
, Zab̄cd̄ = (Zbādc̄)

∗
.

The barred indicies help keep track of which indices transform with U

and which transform with U †. For example, Yab̄ → Uac̄Ycd̄U
†
db̄

and

Zab̄cd̄ → UaēU
†
fb̄

UcḡU
†
hd̄

Zef̄gh̄.



The scalar potential minimum condition is given by:

bv ∗
ā

h
Yab̄ + 1
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2Zab̄cd̄bv ∗

c̄ bvd

i
= 0 .

The most general U(1)EM-conserving vev is:

〈Φa〉 =
v√
2

 
0

bva

!
, with bva ≡

 
cβ eiη

sβ eiξ

!
.

In addition, if we define: bwa ≡ −ei(η+ξ) εab bv ∗
b̄ (with ε12 = −ε21 = 1,

ε11 = ε22 = 0), then bwa → Uab̄ bwb under a U(2)-transformation.

Without loss of generality, we can always set η = 0 with a U(1)Y

rotation, and restrict the U(2) basis transformations to be of the form

U =

 
cos θ e−iξ sin θ

−eiχ sin θ ei(χ−ξ) cos θ

!
.

Here is one possible invariant: Z1 ≡ Zab̄cd̄ bv∗
ā bvb bv∗

c̄ bvd. Explicitly,
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4
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,

where λ345 ≡ λ3 + λ4 + Re(λ5e
iξ), cβ ≡ cos β, sβ ≡ sin β, etc.

We now define the Higgs basis as the basis in which 〈Φ0
a〉 = v/

√
2 and

〈Φ0
b〉 = 0. In this basis, bv = (1, 0) and bw = (0, 1),∗ and so Z1 is

the coefficient of 1
2(Φ

†
aΦa)

2 in the scalar potential.

∗One is free to rotate Φb → eiχΦb, in which case bw = (0, eiχ).



The complete list:

Y1 ≡Yab̄ bv∗
ā bvb ,

Y2 ≡Yab̄ bw∗
ā bwb ,

Y3 ≡Yab̄ bv∗
ā bwb ,

and

Z1 ≡Zab̄cd̄ bv∗
ā bvb bv∗

c̄ bvd ,

Z2 ≡Zab̄cd̄ bw∗
ā bwb bw∗

c̄ bwd ,

Z3 ≡Zab̄cd̄ bv∗
ā bvb bw∗

c̄ bwd ,

Z4 ≡Zab̄cd̄ bw∗
ā bvb bv∗

c̄ bwd ,

Z5 ≡Zab̄cd̄ bv∗
ā bwb bv∗

c̄ bwd ,

Z6 ≡Zab̄cd̄ bv∗
ā bvb bv∗

c̄ bwd ,

Z7 ≡Zab̄cd̄ bv∗
ā bwb bw∗

c̄ bwd .

When the above invariants are evaluated in the generic basis, one finds:
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The Higgs basis is obtained from the generic basis via:

Φa = Φ1cβ + e
−iξ

Φ2sβ , Φb = −Φ1sβ + e
−iξ

Φ2cβ ,

where
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and G± and G0 are the Goldstone fields. In the Higgs basis,
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The corresponding scalar potential minimum conditions are:

Y1 = −1
2Z1v

2
, Y3 = −1

2Z6v
2
,

and the charged Higgs squared-mass is given by: m2
H± = Y2 + 1

2Z3v
2.

The decoupling limit is achieved in the limit of Y2 � v2, subject to the

conditions |Zi| <∼ O(1).



The CP-conserving 2HDM

The Higgs spectrum in the CP-conserving model contains a CP-odd

state, A, a charged scalar pair, H±, and two CP-even states obtained

by diagonalizing a 2 × 2 squared-mass matrix:

H = (
√

2Re Φ0
1 − v1) cos α + (

√
2Re Φ0

2 − v2) sin α ,

h = −(
√

2Re Φ
0
1 − v1) sin α + (

√
2Re Φ

0
2 − v2) cos α .

The angle α (like β) is basis-dependent. Define bn = (cα, sα) in the

generic basis. Then the basis independent quantities:

bnabva = cos(β − α) ≡ cβ−α , εabbnabvb = sin(β − α) ≡ sβ−α .

are meaningful. The end result of the diagonalization is:
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.

In addition, m2
H± = m2

A + 1
2v

2(Z5 − Z4).



The decoupling limit of the CP-conserving 2HDM

In the CP-conserving model, the decoupling limit corresponds to the

limit where mA � v, assuming λi <∼ O(1). From the expressions for

β − α just given, this limit corresponds to taking β − α → π/2; i.e.,

cos(β − α) → 0. In the approach to the decoupling limit, one finds:

m
2
A ' v

2

»−Z6

cβ−α

+ Z1 − Z5 + 3
2Z6cβ−α

–
,
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2
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2
(Z1 + Z6cβ−α) ,
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H ' m2

A + v2 (Z5 − Z6cβ−α) ,

where mH > mh implies m2
A

>∼ v2(Z1 − Z5 + 2Z6cβ−α). Thus,

cos(β − α) ' −Z6v
2

m2
A − (Z1 − Z5)v2

' −Z6v
2

m2
H − m2

h

Implications

• mh <∼ O(v) ,

• mH ' mA ' mH± , [up to corrections of O(v
2
/mA)] ,

• cos(β − α) <∼ O
 

v2

m2
A

!
.



2HDM Tree-Level Higgs Couplings

Higgs couplings to gauge bosons: suppression factors

cos(β − α) sin(β − α) no angle factor

HW +W− hW +W−

HZZ hZZ

ZAh ZAH ZH+H−, γH+H−

W±H∓h W±H∓H W±H∓A

ZW±H∓h ZW±H∓H ZW±H∓A

γW±H∓h γW±H∓H γW±H∓A

Higgs self-couplings

Here are two examples:

ghhh =−3v
h
Z1s

3
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2
β−α + 3Z6cβ−αs
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Indeed, all couplings above depend only on basis-independent invariants.



Higgs couplings to fermion pairs

−LY =Q
0

L
eΦ1η

U,0
1 U

0
R + Q

0

LΦ1η
D,0
1 D

0
R

+ Q
0

L
eΦ2η

U,0
2 U0

R + Q
0

LΦ2η
D,0
2 D0

R + h.c. ,

where eΦi ≡ iσ2Φ
∗
i , Q0

L is the weak isospin quark doublet, and

U0
R, D0

R are weak isospin quark singlets in an interaction eigenstate

basis, and ηU,0
1 , ηU,0

2 , ηD,0
1 , ηD,0

2 are matrices in flavor space. Identify

the fermion mass eigenstates by employing the appropriate bi-unitary

transformation of the quark mass matrices involving unitary matrices

V U
L , V D

L , V U
R , V D

R , where K ≡ V U
L V D †

L is the CKM matrix. Then,

define ηQ ≡ (ηQ
1 , ηQ

2 ), where ηQ
i ≡ V Q

L ηQ,0
i V Q †

R , for Q = U , D.

One can then introduce the invariant quantities:

κQ ≡ bv · ηQ = cβηQ
1 + sβηQ

2 ,

ρQ ≡ bw · ηQ = −sβηQ
1 + cβηQ

2 .

The quark mass terms are identified by replacing the scalar fields with

their vev’s. V U
L , V D

L , V U
R and V D

R are then chosen so that κD and κU

are diagonal with real non-negative entries. The resulting quark mass

matrices are then diagonal:

MD =
v√
2
κD , MU =

v√
2
κU .



The Higgs-fermion Yukawa couplings are then given by:
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+
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U
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U
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+
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U
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KρDPR − ρU†

KPL

i
DH+ + h.c.

o
.

where PR,L ≡ 1
2(1±γ5). The Higgs-fermion Yukawa couplings depend

only on invariant quantities: the quark masses, the ρQ and β − α.

In general, ρU and ρD are complex non-diagonal matrices. Hence,

the Yukawa couplings exhibit tree-level Higgs-mediated flavor-changing

neutral currents and CP-violating Higgs-fermion couplings. But, near

the decoupling limit, the couplings of h approach their SM values.



In a one generation model, the Higgs-quark interaction produces the

following Feynman rules of the form −igφf1f̄2
:

ghqq̄ =
mq

v
sβ−α + 1√

2
(Sq + iγ5Pq)cβ−α ,

gHqq̄ =
mq

v
cβ−α − 1√

2
(Sq + iγ5Pq)sβ−α ,

gAuū = − 1√
2
(iSuγ5 − Pu) ,

gAdd̄ = 1√
2
(iSdγ5 − Pd) ,

gH+dū =1
2[ρ

D
(1 + γ5) − ρ

U∗
(1 − γ5)] ,

where Sq ≡ Re ρQ and Pq ≡ Im ρQ.

The MSSM Higgs sector is a type-II 2HDM, i.e., ηU
1 = ηD

2 = 0. A

basis-independent condition for type-II is: ηU · ηD = 0. But, this

means that tan β has been promoted to a physical parameter since

ηU
1 = ηD

2 = 0 occurs only for one choice of β.† It follows that:

tan β = −ρD

κD
=

κU

ρU
.

These two definitions are consistent if κUκD + ρUρD = 0 is satisfied.

†
Actually two choices: β and β − π/2, corresponding to whether the Higgs doublet that couples

to, say, the up-type quark is Φ1 or Φ2.



But this is equivalent to the type-II condition, ηU · ηD = 0. Moreover,

using κQ =
√

2MQ/v =
√

2v−1diag(mu, md) ,

ρD =
−
√

2md tan β

v
, ρU =

√
2mu cot β

v
.

This then yields the well-known type-II Higgs-quark interactions:

hbb̄ : − sin α

cos β
= 1 sin(β − α) − tan β cos(β − α) ,

htt̄ :
cos α

sin β
= 1 sin(β − α) + cot β cos(β − α) ,

Hbb̄ :
cos α

cos β
= cos(β − α) + tan β sin(β − α) ,

Htt̄ :
sin α

sin β
= cos(β − α)− cot β sin(β − α) .

In the more general (type-III) 2HDM, tan β is not a meaningful

parameter. Nevertheless, one can introduce three tan β-like parameters:‡

tan βd ≡ −ρD

κD
, tan βu ≡ κU

ρU
, tan βe ≡ −ρE

κE
,

the last one corresponding to the Higgs-lepton interaction. In a type-III

2HDM, there is no reason for the three parameters above to coincide.
‡

Interpretation: In the Higgs basis, up and down-type quarks interact with both Higgs doublets.

But, clearly there exists some basis (i.e., a rotation by angle βu from the Higgs basis) for which only

one of the two up-type quark Yukawa couplings is non-vanishing. This defines the physical angle βu.



Conditions for explicit CP-violation

Here, we consider the conditions for Higgs-mediated CP-

violation due to an explicitly CP-violating Higgs potential.§

Theorem: The Higgs potential is CP-conserving if and only

if there exists a basis in which all Higgs potential parameters

are real.

Potentially complex Higgs potential parameters are: m2
12,

λ5, λ6 and λ7. Of course, these are basis-dependent.

Nevertheless, the following result should be noted:

Theorem: In a generic basis, the following is a sufficient (but

not a necessary) condition for an explicitly CP-conserving

2HDM scalar potential:

Im ([m2
12]

2λ∗
5) = Im (m2

12λ
∗
6) = Im (m2

12λ
∗
7)

= Im (λ∗
5λ

2
6) = Im (λ∗

5λ
2
7) = Im (λ∗

6λ7) = 0 .
§We defer the question of whether CP is spontaneously broken if the Higgs potential

is manifestly CP-conserving.



Clearly, the latter is not good enough. We shall instead

provide a set of basis-independent conditions. The complete

set of conditions is summarized by the following result:

Theorem: The following is a necessary and sufficient

condition for an explicitly CP-conserving 2HDM scalar

potential:

IY ZZZ = IY Y ZZ = I6Z = I3Y 3Z = 0 ,

where

IY ZZZ ≡ Im(Z
(1)
ac̄ Z

(1)

eb̄
Zbēcd̄Ydā) ,

IY Y ZZ ≡ Im(Yab̄Ycd̄Zbādf̄Z
(1)
fc̄ ) ,

I6Z ≡ Im(Zab̄cd̄Z
(1)

bf̄
Z

(1)

dh̄
Zfājk̄Zkj̄mn̄Znm̄hc̄) ,

I3Y 3Z ≡ Im(Yqf̄Yhb̄YgāZeh̄fq̄ZcēdḡZac̄bd̄) .

Above, we have introduced:

Z
(1)

ad̄
≡ δbc̄Zab̄cd̄ = Zab̄bd̄ .



Explicit results

I6Z = 2|λ5|2Im[(λ∗
7λ6)

2] − Im[λ∗
5

2
(λ6 − λ7)(λ6 + λ7)

3]

+2Im(λ∗
7λ6)

h
|λ5|2[|λ6|2 + |λ7|2 − (λ1 − λ2)

2] − 2(|λ6|2 − |λ7|2)2
i

+(λ1 − λ2)Im
h
[Λ

∗ − 2λ
∗
5(λ6 + λ7)](λ7 − λ6)(λ

∗
7λ6 − λ

∗
6λ7)

i

−(λ1 − λ2)Im(λ
∗
5Λ

2
) − 2(|λ6|2 − |λ7|2)Im[λ

∗
5Λ(λ6 + λ7)]

+(λ1 − λ2)|λ5|2Im[λ∗
5(λ6 + λ7)

2] ,

IY ZZZ = 2(|λ6|2 − |λ7|2)Im[Y12(λ
∗
6 + λ∗

7)]

+(Y11 − Y22)
h
Im[λ

∗
5(λ6 + λ7)

2
] − (λ1 − λ2)Im(λ

∗
7λ6)

i

+(λ1 − λ2)
h
Im(Y12Λ

∗
) − Im[Y12λ

∗
5(λ6 + λ7)]

i
,

IY Y ZZ = (λ1 − λ2)Im(Y
2
12λ

∗
5) − 2|Y12|2Im(λ

∗
7λ6)

−Im[(Y12λ
∗
6)

2] + Im[(Y12λ
∗
7)

2] + (Y11 − Y22)
2Im(λ∗

7λ6)

−(Y11 − Y22)
ˆ
Im(Y12Λ

∗
) + Im(Y12λ

∗
5(λ6 + λ7))

˜
,

where

Λ ≡ (λ2 − λ3 − λ4)λ6 + (λ1 − λ3 − λ4)λ7 .

The expression for I3Y 3Z is very long and will not be given here.



Remarks

• All invariants of cubic order or less are manifestly real.

• The imaginary part of any potentially complex quartic or

quintic invariant is a real linear combintation of IY ZZZ

and IY Y ZZ.

• The imaginary part of any potentially complex sixth order

invariant constructed solely out of the Higgs self-couplings

is proportional to I6Z.

• The imaginary part of any potentially complex sixth order

invariant that is both cubic in Y and Z respectively is a

real linear combination of IY ZZZ, IY Y ZZ and I3Y 3Z.

• The imaginary part of any other potentially complex sixth

order invariant is a real linear combintations of IY ZZZ

and IY Y ZZ.

• The imaginary part of any potentially complex invariant

of order seven or above is a real linear combinations of

IY ZZZ, IY Y ZZ, I6Z and I3Y 3Z.



To see that all four invariants introduced above are required,

we first note that there always exists a basis in which

λ7 = −λ6. [Proof: noting that

Z(1) =

(

λ1 + λ4 λ6 + λ7

λ∗
6 + λ∗

7 λ2 + λ4

)

is an hermitian matrix, we can always diagonalize it.] In the

λ7 = −λ6 basis (this basis is not unique),

I6Z = −(λ1 − λ2)
3Im(λ∗

5λ
2
6) ,

IY ZZZ = −(λ1 − λ2)
2Im(Y12λ

∗
6) ,

IY Y ZZ = (λ1 − λ2)
[

Im(Y 2
12λ

∗
5) + (Y11 − Y22)Im(Y12λ

∗
6)

]

.

First, suppose that λ1 6= λ2. Then consider three cases:

1. Y = 0 [=⇒ IY ZZZ = IY Y ZZ = I3Y 3Z = 0]

2. λ6 = 0 and Y11 = Y22 [=⇒ I6Z = IY ZZZ = I3Y 3Z = 0]

3. λ5 = 0 and Y11 = Y22 [=⇒ I6Z = IY Y ZZ = 0].

In case 3, I3Y 3Z = 0 if in addition Re(Y12λ
∗
6) = 0. Then, in

each case there is only one potentially complex invariant.



In a basis where λ6 = −λ7,

I3Y 3Z = 2Im(Y 3
12λ6(λ

∗
5)

2) − 4Im(Y 3
12(λ

∗
6)

3)

+[(Y11 − Y22)
2 − 6|Y12|2](Y11 − Y22)Im(λ2

6λ
∗
5)

−(λ1 + λ2 − 2λ3 − 2λ4)(Y11 − Y22)Im(Y
2
12(λ

∗
6)

2
)

+(λ1 + λ2 − 2λ3 − 2λ4)Im(Y 3
12λ

∗
5λ

∗
6)

−(λ1 + λ2 − 2λ3 − 2λ4)
h
(Y11 − Y22)

2 − |Y12|2
i
Im(Y12λ6λ

∗
5)

+2(2|λ6|2 − |λ5|2)
h
(Y11 − Y22)

2 − |Y12|2
i
Im(Y12λ

∗
6)

+
h
(λ1 − λ3 − λ4)(λ2 − λ3 − λ4) + 2|λ6|2 − |λ5|2

i

×(Y11 − Y22)Im(Y
2
12λ

∗
5) .

If λ6 = 0 and Y11 = Y22, then I3Y 3Z = 0. In this case, only

IY Y ZZ is potentially complex.

If λ5 = 0 and Y11 = Y22, then

I3Y 3Z = −16 [Re(Y12λ
∗
6)]

2 Im(Y12λ
∗
6) .

Thus, if in addition Re(Y12λ
∗
6) = 0, then only IY ZZZ is

potentially complex.



If λ1 = λ2 and λ6 = −λ7 then I6Z = IY ZZZ = IY Y ZZ = 0.

Nevertheless, CP can still be violated if I3Y 3Z 6= 0.

The case of λ1 = λ2 and λ6 = −λ7 is noteworthy, since if

these relations are true in one basis then they are true in

all bases. Moreover, since I6Z = 0 in this case, one can

conclude that if λ1 = λ2 and λ6 = −λ7 then there must

exist a basis in which λ5, λ6 and λ7 are all real. In this basis

only Y12 ≡ −m2
12 is potentially complex and we find:

I3Y 3Z = 2
[

λ2
5 + λ5(λ1 − λ3 − λ4) − 2λ2

6

]

Im Y12

×
[

4λ6 (Re Y12)
2 − (Y11 − Y22)(λ3 + λ4 + λ5 − λ1) Re Y12

−(Y11 − Y22)
2λ6

]

.

Note that, e.g., if λ2
5 + λ5(λ1 − λ3 − λ4) − 2λ2

6 = 0, then it

is possible to have Im m2
12 = 0 (and all the λi zero) and yet

the Higgs potential is CP-conserving! This would then imply

that it should be possible to transform to another basis in

which all the Higgs potential parameters are simultaneously

real. Numerical experiments suggest that this is always

possible.



Conditions for a CP-conserving Higgs sector

If I6Z = IY ZZZ = IY Y ZZ = I3Y 3Z = 0, then the Higgs potential

is CP-conserving. This means that there exists a basis in which all

Higgs potential parameters are real. If the vev is complex in this basis,

then the model exhibits spontaneous CP-violation. The corresponding

basis-independent conditions have been given by Lavoura and Silva and

by Botella and Silva. They define two invariants:

I1 ≡ v
∗
āYab̄Zbc̄cd̄vd , I2 ≡ v

∗
b̄v

∗
ēYbc̄Yef̄Zcāfd̄vavd .

Then, the Higgs sector (excluding the couplings to fermions) conserves

CP if and only if I1 and I2 are real. Evaluating the invariants I1 and I2

in the Higgs basis and applying the scalar potential minimum condition,

one finds

Im(Z6Z
∗
7) ∝ Im I1 , Im(Z2

6Z∗
5) ∝ Im I2 .

These authors also define additional invariants that include the Higgs-

fermion Yukawa matrices. One can then write down the appropriate

basis-independent conditions for a completely CP-conserving Higgs

sector.



Unfinished business

• Express all Higgs couplings in terms of invariants in the

most general CP-violating 2HDM (and explore the approach

to the decoupling limit).

• Evaluate the one-loop radiative corrections to various

Higgs processes in terms of the so-called physical tanβ-

like parameters. (There are three such parameters in the

one-generation model.)

• Which tanβ-like parameters will be measured in precision

Higgs studies at a linear collider (LC)? How can one best

treat the full three-generation model to one loop order?

What simplications can be exploited in the MSSM?

• What is the physical significance of the four explicit CP-

violating invariants? Which (if any) could be measured in

precision Higgs studies at an LC?


