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Some theology

The world of the quantum chemist
\ (according to Walter Thiel)

improved HEAVEN:
electron—electron full solution
correlations of HU=EWY
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Some theology

The world of the lattice Boltzmann

\ researcher:. CLEAN methods

temporal HEAVEN:
resolution solution of

1/h NS eq.
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Some theology

The world of the lattice Boltzmann

\ researcher: DIRTY methods

temporal HELL:
resolution solution of
1/h NS eq. + ??

highway
to

spatial
resolution 1/a




In short:

> system: single-component fluid,
coexistence of gas and liquid phase

» objectives: develop thermodynamically and hydrodynamically
fully consistent lattice Boltzmann algorithm for multiphase
fluids

» hope / expectation: complete elimination of spurious currents

Droplet formation —

Y Axis
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spurious currents:
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A. Kuzmin et al., Int. J. Mod. Phys. C, 2008



Background and motivation:
Lattice Boltzmann for the ideal gas



Lattice Boltzmann
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» & small set of velocities

» c;h connects two sites

linearized
Boltzmann
equation (kinetic
theory of gases)
fully discretized
sites 7, lattice
spacing a

time t, time step h

» n;(7,t): real number, mass density on site ' corresponding to
velocity &;

ni(F+ Gh,t + h) = ni (7, t) = ni(7, t) + Ai(F, t)



Conservation laws, symmetries

ni(F+ Gh, t+ h) = ni(F, t) = ni(7, t) + A; {m(F. 1)}

mass conservation
momentum conservation
locality

rotational symmetry (lattice!)

B W W w

Galilei invariance (finite number of velocities)



Low Mach number physics

v

only u < ¢;

v

only u < ¢
Ma=u/cs <1

v

v

low Mach number = compressibility does not matter =
equation of state does not matter = choose ideal gas!

myp, particle mass:

p="LkgT
mp
op 1
2= P kT
op o
p=pc:



Desired asymptotic limit: Navier-Stokes

in the continuum limit a — 0, h — 0 (or: on large length and time
scales)

8tp + 8aja =0
8tja + 85 (pcsz(sag + pug Uﬁ) = 850a5
Oap = naﬂ'yéa'yu6

2
NaBys = (C - 377> 0080~ + 1 (0ar085 + 0a508+)

» 1 shear viscosity

» ( bulk viscosity



LB continuum limit: how??

in principle, only one parameter € — 0:

» wave-like scaling: a/h = const.

a = e€a
= £ ho
¢ = Co

ni(F+ecCioho, t +eho) — ni(r,t) = A;

» diffusive scaling: a?/h = const.

a = €a
= €2ho
¢ = £ 1

ni(F+eCoho, t +e2ho) — ni(7,t) = A



The idea of multiple time scale expansion

example:
» weakly damped harmonic oscillator
»c—0
> time scale separation: damping time > oscillation time
2
%x + 25%x +x=0
exact solution:

x(t) = exp (—¢t) cos (\/ 1- Ezt)



naive Taylor expansion wrt ¢ (1st order):

15

damped harmonic oscillator, epsilon = 0.01

250



Multiple time scale analysis

Idea:
x(t) = exp(—et)cos (\/ 1- 5215)
~ exp(—ct)cost
= exp(—t2)cost
= X(tl, tg)
with
th =t th = ¢t

consider x as a function of two independent variables t1, t»
= should be able to grasp the time scale separation!
hence, study expansion

x (t1, t2) = xO (11, t2) + exM) (11, 1) + 2x®) (11, 2) + . ..

with
d 0ty 0 Oty 0 0 0

dt ~ Ot ot + ot ot, 0 +€0t2



result for leading order:

difference exact vs. perturbation theory, eps = 0.01
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Chapman—Enskog expansion

» LBE:
ni(F+ cih,t + h) — ni(r, t) = A;

D,' = C,'ahaa + h@t

> exact re—write as a differential equation:

2
D,-n,-: 1—%4-%4-... A,’
> Fl = E?
> t1 = €t waves
» t, = &2t diffusion
> n; = ni(r, t1, t2)
| 2
8a :{:‘81@

>

61_— = 581_-1 + 526t2



Expanding the solution

ni = n%+ En(l) + 0(£?)

1

Ai{n} = A {nl }+sZLUn(1)+O()

= 8 {n?} —e(1=)nY + 0(=?) (BGK)

1



€ orders

0
> &0 pl©)

» n© contains NO GRADIENTS! THESE APPEAR AT

1

HIGHER ORDER!
» ¢l Continuity equation, dissipation—free NS

(0

. .. . . _eq _ .eq A
is collisional invariant, hence n;”’ = n;" = n(p, j)

» isotropic NS requires

- = - =1\2 2
() ) — oo |10 G (@-c)” u
ni” (p, d) va( Y2 T aa T aa
» 3 shells needed. D3Q19: wp =1/3, wy = 1/18, wp, = 1/36,
c2 = a%/(3h?)

» more freedom in the equation of state requires more shells
» 2 Dissipative part of NS

h 1+~
2 1—»x

’[7:



Gas-liquid systems, part 1:
Lattice Boltzmann setup and
the difference between ideal gas and nonideal gas



Desired limit: Model H

» Starting point: Landau—Ginzburg
free energy functional

> In the absence of dissipation, this
should be viewed as the conserved
energy:

1
7—[:/ dVv [pf]z—l-pe—f- ”(vp)ﬂ
y 2 2

e(p) gives rise to a Maxwell loop in p(p)




Conservative dynamics:

8t,0+8cv,/a =0
0
a(pua) + aﬁ(puauﬁ) = —0ap + fao

Choose force such that Hamiltonian is conserved:

%H—O —>/qu0{0{_— /dV(Vp)

£t — kpdads0sp| <+  3rd order gradient!

= Chapman-Enskog up to 3rd order is needed!
needed in LB:

Ai — Af)ulk + A::nt + A[gorr _ (1 o '7)(ni o n;EQ) + A::nt + Al_corr



Equilibrium populations

Ctonofste
So=

1
Ideal gas: eq g
g n; " Cia = Ja
p=ptr2=2-% ,.

ap eq (eq)
n:'CiaCig = T
Nonideal gas: Z,: et b

9 _
p(p) = pci(p) — ci(p) = g £ 6—'; Pp)oap + puatip

Non-equil. moments: defined
similarly up to 4th order.



Coefficients - IDEAL GAS
isotropic lattice tensors |
Zw;c;a =0

2
E WiCiaCig = C5  0ap
f

D3Q19: Qian et al., EPL, 1992

_1
> wiciacigciy =0 (000) wo = 3
7 (100) wy = &
Z Wi Cjo CiB Ciy Ci§ (110) wp = %
i
=c?  (Sapdys + perm.) » c2=1/3
s

in lattice units



Coefficients - NONIDEAL GAS
isotropic lattice tensors |
Zw;c;a =0

> wiciacip = 2(p)dap
i

D3Q19: Qian et al., EPL, 1992

-1
S wemcic, — 0 (000) wo = 1
7 (100) w1 = 7%
Z W Cjo, CiB Cin Ci§ (110) wp = %
i
= ¢ (0)(6ap0y5 + perm.) »c2=1/3
Z W;Cia CiBCinCi5Cipn = 0 in lattice units

!

§ WiCia CjB Ci~y Ci§ Cipu Civ =
i

Cs6(p)(5a55,y56m, A perm.)



Coefficients - NONIDEAL GAS

isotropic lattice tensors

E WiCiqn = 0
i

Z W,'C,'ac,ﬂ = Cf(p)(;a/g

!

weights

D3Q59: H. Chen et al., J. Sci. Comp., 2008
(000) wo=1— 22124 1081 o4 _ 3636

Z WiCiaCigCiy = 0 7820 . 1921 192
i (100) wy = 2c2(5x — 362+ ¢cs)
D WiCiaCigCinCis (110) wp = c2(& — 32+ ¢<d)
i
= c/(p)(8apbys + perm.) > c2€[0.44,1.23] (w; > 0!)
Z Wi Cia Cig Ciny Ci Cipp = 0 in lattice units
i further weights ws, ..., wy for

S Wil G G i Ci Gy = (111), (200), (220), (222), (400)

i

Csﬁ(p)(éaﬁéﬁ,(s(spu + perm.)



Allowed equation of state

1.23 -

0.44 1




Comparison to Swift-Yeomans

Swift-Yeomans This work
» determine pressure tensor: » determine force density: fci'"f
int
Pas > put it into the collision
> impose: >, niiciaCip = operator:
H . int ~,
pdag + puaus + PLS Aint = Wi% faczcla
Decouple bulk and interface
e
> n;? — Oth order CE » bulk < local equilibrium
> ng — higher order CE populations

because of gradients! » interface < force



Gas-liquid systems, part 2:
Chapman-Enskog analysis



Chapman—Enskog expansion

n o =er scaling parameter ¢

ti =-et sound waves

th =¢e’t diffusion of momentum
ty =&3t coarsening

ni(F+ Ceh t1 +eh, ta + £2h, ts+ 3h) — (R, t1, b, t3) = A;



From Boltzmann to Navier—Stokes

Lattice Boltzmann eq.:

ni(f + eCih ty + eh, ty + €2h, t3 + £3h) — ni(74, t1, ta, 1)
— All?ulk + A::nt +A;:orr

Navier—Stokes eq.:

Otjo + 03 (P(p)dap + puaug) — 030ag = KpPOa0gdsp

2 int
hfa = mZAin C,'a



Interface collision operator A!"

local collision operator - ideal gas:

A,’(F, t) = Ai({ni(Fa t)}

p=p(r)



Interface collision operator A!"

Nonlocal collision operator - nonideal gas:

Ai(r, ) = Ai({ni(F, 1)}, {p5})

p=p(R)  pj=p(f+ dieh)

Pi > new set of lattice
vectors d;

> new set of weights 7;

> interactions with
neighboring sites




Y Tidia=0 > 7idiadigdiy, =0
ZTidiadiﬂ = 02003 =0

Z Tidiadiﬁdi'ydié = 54(6a6575 + 5&75,86 + 50465,87)

= 3 shells of lattice vectors c_ij needed

int __ (P A -
AT = KpWicia ) Tidjap;
J



1+

) Tidiapj
A = kp wicia E dj
I .

int ..
£ = Y AlMcq
ht} E,-:

= wpcl ) Tidjap;




int __ -~ d: -
A =kp WICIaE Tjdjapj

1 . .
T i hfollnt —_ Z A;I‘ltcia

= wpcl ) Tidjap;

22 33

h h
pj = p+ehdjq 3a1p—|- dJOédJﬁ 3a1351p+ 6 ——djadigdjy 90, 05,05, p

o, =0



. Tdapj
Al:nt = Kp WCiq E jaj
I .
J

nt_
]. + Fyhfoltnt _ ZA:I‘I Cla
2 - |
= kpc2 Y Tidjapj

J

1 Dsp
= HpC354h3635a35 3



. Tdapj
Al:nt = Kp WCiq E jaj
I .
J

int
]. + Fy hfol;nt _ Z A:n Cia
2

i

= rpcl Y Tidiap;
]

1 ap
= HpC354h3638a35 3

> £ = £p0,0505p



int _ » E -
A = Kpwicia Tjdjapj
J

1 . .
—; Y hfollnt — Z A:'ntcia
i
= rpcl Y Tidiap;
J
SO |
= HpC5204h36 30,0803p

> £ = £p0,0505p

> =04 =



Continuity equation

|8tp+aa./azo|

In order to get it correct up to 3rd order in the CE expansion, we need a

. h, oh (1) _ (1)
Jo = z,: niCia + Efa—s Eagl(waﬁ — waﬁ)

. 0
(728 = 78) =p(0)Oun s + 0500) + (50) — 222 (01,0001

> =

Need an iterative algorithm to define u, = j,/p!



Navier-Stokes equation

Ot + g + %L_Fiaﬁ ( - Wf(xlﬁ)) ﬁ 1‘9521(12
2ot S8t )
zhaﬁ j—h(ﬁgganzgg - ,ﬁlzgg | -
5253/3 :wavl <¢Z(,313/ N ¢Sﬁ)w) N h( ! +11)2 71_22,7]

= ef (M) 4 262 3£ 3)



Navier-Stokes equation

0, 17+1 +(1) (1) h )
dtja+d/g7rad+s27_1dg(aﬁ fwaﬁ)—s _182
V2 + 4y +1 «(1) (1)
3(v—1) 0 () = i)

h. [ v+1 2 1
230 | -h o) - 20 | e Lt

-2
v+ 4y +1 (1) (1) v+1 —(1)
3(7 _ 1)2 M <¢aﬂ7 - ¢aﬁ'y) B h( 1)2 M —afy

= ef M) 4 272 43¢0

(v +1

h
220 b= L0 T+

2
7(‘3
62/3

Navier-Stokes equation with force at 3rd order taking into account
interfaces



Navier-Stokes equation

0, 17+1 +(1) (1) h 1)
8/3( )ev_laﬂzaﬁ

8t1a+8ﬁwa5+527_1 Top — T

0 [0+ T o () - 28)
el :_hw’”l) 05 - 2.1 }—531h28§1f051)
e e N G e

= ef M) 4 272 43¢0

Adjust correction collision operator = undesired terms = 0

i i



Navier-Stokes equation

. 0,  1y+1 (1) _ (1)
adﬁaﬂnaﬁsh_laﬂ(waﬁ )

34(3)

= ga

Navier-Stokes equation with force at 3rd order taking into account
interfaces



Summary

» Good news
& no spurious terms
& 6th rank isotropy
& fully consistent method for gas-liquid coexistence can be
constructed

> Bad news
&l many velocities needed (21 in 2D, 59 in 3D) + another set of
velocities for interface collision operator (12 in 2D, 20 in 3D)
&) need for finite difference scheme to compute the correction
collision operator
&l limited freedom for choosing the equation of state
€] need of iterative algorithm to calculate flow velocity
> F

uture

» test numerical implementation
» thermal fluctuations

» boundaries

» binary fluids



