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Two-qubit gates as the group SU(4)

e local invariants

 Cartan decomposition and three-torus

* Weyl chamber and local equivalence classes

* local equivalence classes of perfect entanglers

Optimal control applications

Two-qubit gates as a metric space
* metric and invariant volume
 how large are control targets?
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 what is the volume of the space of perfect entanglers?
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Two-qubit gates

Unitary operators acting on the state of two quantum bits
U:H - H*
form the group of four-by-four unitary matrices U(4):
U4)=U(1)eSU@4)

where U(1) is a global phase and SU(4) 1s the group of four-by-four unitary
matrices with unit determinant.

Examples: in the standard computational basis: 8 = {|00), |01), [10), [11)}

1 000 1 1 1 1
0100 -1 1 -1
U=l00 1 0 Unen =351 1 _1 _1
0001 1 -1 -1 1
1000 100 0 10 0 1
o100 o100 _1]0i i 0
Uenor=19 0 0 1 UcprasE=| o 0 1 o Ye="5lo1 -1 0
0010 000 -1 i 0 0 —i
1000 V20 0 0 (1+i 00 0 10
U loo10 Up L O 10 i} e™Bl 0 14 0 Ucwine| 0O
DENOT =10 0 0 1 =l o i o 1| YvswAPT T 5 0 i1 0 SWAP=1 0 1
0100 0 0 V20 0 00 1+i 00




SU(4) eroup and su(4) algebra

SU(4) group e2ijYijTij — Z 6, jT ij su(4) algebra

]
Generators: Example:
Ll 2 b1 2 Ll
lii = —0;®0%=—0;0" I'xo = z0,®1
2 ! Jo2 vt ] 2

[T, j, TLl] TxO TyO T:O T()x TO\v TO: Txx Txy sz T_yx T_yy r\rg T: X Tgov T;:
Tro 0 -To To | 0 0 0 0 0 0 Ty -T, -T. Ty Ty Ty
T:_O _T\’O TxO 0 0 O O - T_\vx —Ty_\v —T\,z Txx Txy sz 0 0 0
Tox 0o 0 0 0 T, Toy | 0 Ty Ty O T, T, 0 -T, T,
Toy 0 0 0 | To, 0 ~To| T O T.. T, T, T. 0 -T,
T()'\r 0 O 0 —TO\ TO X O - Tx‘, Txx —Ty\ T\, x —T-\ T:,\' O
T, 0 Ty Ty | 0 -To Ty | 0 Ty To, -To O 0 T, O 0
To 0 Ty Ty | Tw 0 —Tul| Ty 0 -Toe 0 -Tg 0 0 To 0
T, 0 -T. T, |-Tyy Tux O |-Tpy Tox O 0 0 -Tgo 0 0 Ty
T)vx T-x 0 —Txx 0 —T\rz Tv\ T:O 0 O 0 —TO: TO_\' _TXO O 0
7"_\:\' T:_\ O _Txy T\vz O _Ty X 0 T:O O TO- 0 _TOX 0 _TxO O
TVZ T‘:'.' 0 _sz - T\r) Tyx O 0 0 T:O _TO\, TOX O 0 0 _Tx()
zx —T\ X Txx 0 —Tx T-\ - T\O 0 O T_x{) 0 0 0 —T0~ T()y
Ty | -Ty Ty O | T 0 -T.| 0 -Ty 0 0 To 0 To, 0 —Ty
S | -1, T. 0 | -T, T. O 0 0 Ty 0 0 To -To, To




Cartan decomposition of su(4)

su4)=kep [k,k] C k

[p.k] < p
k = span{Txq. Tyo.T70. Tox. Toy. T0z} lp.p] < k
p = Sp(m{Txxa Txys T.XZ9 Tyx, Tyy, TyZ9 TZX& sz9 TZZ}

[Ti J» Tkl ] TxO T}O TzO TOx TO)? TO: Txx Txy sz Tyx Tyy Tyz T:x sz Tzz
Two 0 Ty Tyo | O 0 0 0 0 0 -T, -T, -T. T, T, T,
Ty 0 0 0 0 —To, Ty 0 -T 1] 0 -T 15 0 -T. T
To, 0 0 0 | T, 0 —Tol| Twe 0 -To T, 0 T T. 0 —Tu
Tox 0 -T. ?,, 0 -T. Ty 0 -To. To Ty (;)_) 0 T60 o @
Ty 0 -T, T, 0 ~Tull To 0 -Toy 0 -To O T 0
Ty 0 -T. T, |-Ty To 0 [-Toy Toe O 0 0 -To O Ty
Ty 2% sz 0 - T xx 0 —Tyz Tyy T ~() 0 0 0 _TOZ TOy _TIO 0 0
T_v: T;z 0 —sz —T)ry Tyx 0 U 0 TzO —TOy TOx 0 0 0 —4 x0
AERNAEsy 0

B ' z B 0 0z —Io
n |- o o | F o oO|l@ 0 1% 0 @ Tw T Toe 0
Cartan, maximal Abelian, subalgebra:

TyO 5, 0,05} Cp

[
a = Spa"{TxxsTyyaTzz}:Spa”a{a')]co'x’ yYy Yz




Cartan decomposition of SU(4)

UeSU@4)

' 1.2 1.2 1.2
( C1 ‘rx‘rx+ C9 (T\,(T},+ C3 (FZ(FZ ) k’)

B~

U = kfAky=kye

—

ki, ky e SUQ)®SU(2)

Parameter counting;:
6 + 3 + 6 = 15 = 42-1

If two gates have the same A4 in the Cartan decomposition, they are
locally equivalent:

Uy = kU



Local equivalence and construction of local invariants
Two gates are locally equivalent if they differ only by local operations

Ul — klU?_kQ ki, kp e SUQ2)®SU(2)

Construction:

1) Cartan decomposition (fix: the standard computational basis)

1 1 .2 1 .2
C F(T +-C (r(r + C (F(F“
U = /\1A/\7——/\|(’( L 2 3 )ko

'

2) transformation into the Bell basis 10 0 1 00 >— %(loo > +[11 >)
Q= 1104 ¢ 0 01 >— %(ml > +10 >)

V2101 -1 0 110 >— %(|01>—|10 >)

t: 0 0 —2 111 >— ﬁ(mo > —|11 >)

Ug=Q'UQ=Q"k10 Q"AQ 0"k,0 = 01F 0,

01,07 € SO(4) 0. O =1

Cl —C2+C3 .C.‘1+C2—C3 .C1+C2+C3 .—Cl+c.‘2+c‘3 }

F = Q'AQ = dlag{ 2 e 2 e 2 e 2

J. Makhlin, QIP, 1, 243 (2003)
2/2{0 0 Jyay, o 02} — 2/2{02, —02 0102} J. Zhang, J. Vala, S. Sastry, K.B. Whaley
Phys. Rev. A 67, 042313 (2003)




Local equivalence and construction of local invariants

Ug=Q'UQ=Q"k10 Q"AQ 0"k,0 = 01F 0,

3) elimination of the local part O,

m = UEUB = OgFO{0|F02 = 0517202

Ol Oy =1
rZ — dlag {el‘(Cl—C2+C3). €i(’Cl+02_C3), ei(_C1+C2+C3)’ ei(—Cl+C2+C3‘)}
4) characteristic equation of m and elimination of O,

1
M —tr(m)\? + 5 [trQ(m) — tr (-7'7'2.2)] M —tr*(m)A+1 = 0
F? determines the spectrum on the Makhlin matrix m: tr(m) = tr(F?)

[Local invariants

g1 = Re{%} gy = Im{%} gy = r°(m) . r(m*)

J. Makhlin, QIP, 1, 243 (2003) J. Zhang, J. Vala, S.Sastry, K.B. Whaley
Phys. Rev. A 67, 042313 (2003)



Local equivalence classes

Local invariants:

g1 = Re{tll(—(jm)} gy = Illl{w}_ 3 = t1 (m) . tr (m )

Uniquelly characterize a class of gates that are equivalent up to local, single
qubit, transformations; they define local equivalence classes [U].

Relation between the Cartan decomposition and local invariants:
o(F?) = { e i(cl-c2+c3), e i(cl+cz—c3), e-i(cl+02+c3), el(-cteytes) }

1

9= 7 [cos (2¢1) 4 cos (2¢9) + cos (2¢3) + cos (2¢1) cos (2¢9) cos (2¢3)]
1
92 = 7 sin (2¢q) sin (2¢9) sin (2¢3)

g3 = cos(2c1) + cos (2c9) + cos (2¢3)



Weyl chamber

Non-local factor 4 of the Cartan decomposition has the structure of three-torus

if . 1
A= (_’2( €1 Ix9:

Local invariants 91

92

g3

A
C3|

T3

122, ~, ol
+ () (rycry+ C3 0,07 )

A

. et
1 [cos (2¢1) + cos (2¢9) + cos (2¢3) + cos (2¢1) cos (2¢9) cos (2¢3)]

1
1 sin (2¢1) sin (2¢9) sin (2¢3)

{Xeaic,—c,=0}, {Xeac,+c,=m}

{Xea:c,—c3=0}, {Xeac,+cy3=m}
cos (2¢1) + cos (2¢9) + cos (2¢3)

{Xeaic,—c3=0}, {Xeac,+c3=m}

are invariant with interchanges of ¢,, ¢,, and c; with & without sign flips:

J
c3

o
»

Al
s

J. Zhang, J. Vala, S.Sastry, K.B. Whaley

Phys. Rev. A 67, 042313 (2003)

symmetry
reduction

symmetry
reduction

Weyl chamber



Examples

Each point inside of the Weyl chamber corresponds to one local equivalence class.

This 1s unique with except of the base of the Weyl chamber.

point (gate) 1 co | c3 7 g9 g3
0, A, ([]) 0, 7 010 | 1 0 | 3
As ([DCNOT)) /2 /2| 0 0 0 —1
A3 ([SWAP]) /2 /2 | w/2 | -1 0 -3
B ([B-Gate]) /2 /4| 0 0 0 0
L ([CNOT)) /2 0 0 0 0 1
P ([V/SWAP)) /4 /4 | /4 /! 0
Q, M /4, 3n/4 | w/4 0 1
N 3m/4 /4 | /4 0

R /2 /4 | /4

[SWAP]




Perfect entanglers

Definition
A two qubit gate 1s called a perfect entangler if it can produce
a maximally entangled state from a product state.

Theorem

A two qubit gate U is a perfect entangler 1f and only if the convex hull
of the eigenvalues of the Makhlin matrix m(U) containes zero.

Polyhedron [SWAP]
of perfect entanglers

o o
SSetosctot =7,

3w ™
_\CI'+C/\'SCI>+Cj+ 5%27",

2

Examples
CNOT
o[m(CNOT)] ={1, 1, -1, -1}

J. Zhang, J. Vala, S.Sastry, K.B. Whaley A
Phys. Rev. A 67, 042313 (2003)



Weyl chamber and local equivalence classes

Local invariants

Weyl chamber coordinates
[SWAP] 81> 82> 83

e x
= z ~———
e -

Clﬂ C29 C3

i =«

[DCNOT] T

-

7

[1]

1.5

§§
s
§
ml
; S
3
\\, s :
S

[CNOT]
1.0

0.5

c2

[SWAP]



(Generation of non-local gates: example

Josephson junction charge-coupled qubits

— 1 2 2 1 2
H=-(aE)/2) (0, + 07) + & E, 0, O,
curvature translation

Weyl chamber trajectory:  c¢1(t) = a?Ert — w(a,t),
co(t) = a?Ert + w(a,t),

c3(t) = 0. o
3( ) w(a,t) = tan™1(5H)
™ ™ T T
7] RN SR RTINSO - ] R SN ORI SR
4 4
(AT FE N, S B — oA U UG S  S———
2 perfect © 2 e ‘ 3x
entanglers 1
i I o N sl I | | I | I |/ S #a =
4 ‘ 4 [ NN g
f [CNOT] ™. < 5 | L AN
O 7 /4 3m/4 T O w/i wj2 3/ r O AT wAE
1 a=05,t=80

a=1.1991, t = 2.7309 a=1.1991, t =20




Optimal control applications:
Phys. Rev. A 84, 042315 (2011)
&

a work in progress
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Optimal control

Optimization target 1s defined not as a specific target gate U,

arget
but rather its local equivalence class [U,,,,.], 1.e. SU(2)XSU(2) orbit of U,

arget *

[U

target]

e-neigborhood

/ /

identity identity




Optimal control

M.M. Muller et al.,
Direct optimization functional Phys. Rev. A 84, 042315 (2011).

I B e o .
JP=1- NRe[Tr{OJrPNU(T,O:e)PN}]
with possible additional terms

— 7D
J=1J T + 8a + 8b
finite pulse fluence loss of populatlon

T
8a = )\a A [8(’) - Sref(t)]z/S(t)dT 8bh = NT Z (pm(t)lpavmdl(pm(r))

Optimization functional based on local invariants

| n n
JTL’ — Agl2 +4 Ag% + Ag% + 1 — NTr{UT,NUJTF’N}

Krotov iteration

N @+1) ~ (I+1)

1 1 H 1 1 1
(@) = 20 + 2 21m] 3 ”(r)l— o () + o(r)Z (AP0l o- e o)

Aa k=1



Case I: Effective spin model

Trapped polar molecules with 2Z, , electronic ground state subject to a near
resonant microwave driving inducing strong dipole-dipole coupling:

4
- h|€2(1) ] )
Her(1) = | 2 | Z 0;A;j(x0,1)0 ;

i, j=1

StF molecules in optical lattice with a=300 nm and 15GHz microwave fields

with different polarizations

H(r) = Ho + S()H,

drift 5711 0.324 0.324 0
0.324 —1.840 1.054 0
0.324 1.054 1.840 0

0 0 0 —2.030

iy =

cw field:
CNOT: 6 =1.2 kHz and 2 =590 kHz
B-gate: 6 = 1.2 kHz and Q = 4.74 MHz

M.M. Muller et al.,
Phys. Rev. A 84, 042315 (2011).

n 0 153.65 16.085 0
H1 = S(1)
0 16.085 153.65 0
1 3.906 0 0 —153.65

envelope function

pulsed field:
CNOT: 6 =50 kHz and €2, =1.81 MHz
B-gate: 0 = 84 kHz and €2, = 1.81 MHz



gate error

Case I: Results

M.M. Muller et al.,

Phys. Rev. A 84, 042315 (2011).

T T T | T T T J [ ' ! J [ ?
_____________________________ 3
E CNOT 7
:E ..° fen eI s L T T T L P T T AT L PTS SA T AT L PT S AT LT L PTS ST L T S S EE
-3 E == |ocal invariants E
.4;5 T direct E
o%F  —— valweof I ... direct, CNQT equiv.
) | | - T T T T T T | T T T T [ I I I |
Y S ———— )
-1 »==:=|Ocal invariants ‘
10_2; ‘ === (direct B gate 3
10°F ° value of J. 3
10-3é_ ....................................... E;
107°F E
10-5 —E N S SR T AN SN TN TR TR A T S T T S E— lé
0 50 100 150 200

iteration



Case II: Rydberg gate with trapped neutral atoms

Atoms of 8’Rb trapped by optical tweezers with a non-local gate implemented
by simultaneous near resonant two-photon transition to Rydberg states

0> = |55, F =2, My =2> 1>=1|5p;p, F =2, My =2>
11> =58, F=1, My = 1> > =|58d,),, F =3, My =3>
. . . ) M.M. Muller et al.,
The Hamiltonian for a single trapped atom in RWA Phys. Rev. A 84, 042315 (2011).

AD (1) = 10)(0] & (T4 Virap X ) +11) (1] @ (T4 Virap(%7))

+iVi| ® (T+57R> ) r| ® (T + %’)

et

Qp(t
+ R( )(|O)(i|+|i)(0|)®]l,~(j wg = 795 nm
92( ) wg = 474 nm
t =

R

The total two-atom Hamiltonian

85 =0
Qp = Qg o = 27.260 MHz

Uo

HO0 = () @142 ® Is, + Ly @ HY (0 @ s, HIrr)(rr| @ 5

Rydberg-Rydberg interaction
50MHz at ry = 4um, i.e. 10 ns 1n [rr> to pick the phase &t




Case II: Results

M.M. Muller et al.,
Phys. Rev. A 84, 042315 (2011)

0 ' | s | ! 1 ' | L | " | ' | ! |
10 F

aF
10 E +—+ local invariants

10'2;—.—. diag(-l,l,],l)

-

W

.. af v+ CNOT

5 107 ’

510'4;— e N S ® |
270 10 20 30 40 50 60 70 80
:‘0 4 T U L 1

= lOO:L_ | | | | | | | | —i
= - (b) & )
2 10 ,

o

[y
I IIHYYII

qu 1juuul LA

oo W1thout loss from |1>
A L l L l A l A 1 L 1 I 1

30 40 50 60 70 80
gate duration T ( ns )

Jl.ll LAl

10

10 E. -* with loss from [i>
0




Case II: Effect of spontaneous emission

M.M. Muller et al.,
Phys. Rev. A 84, 042315 (2011)

l_ I " | ] 1

-(a) | _
_os8f e
P 061 T S
7 06 S~
= 0.4 I -1 =
<t 1 E

~

spontaneous 1
emission __ 0.8

I | I | I 1 I | I

€
L L

o'.‘-.
o"‘
“
-
"0
:r,i—’r

W T R R
0O 10 20 30 40 50 60 70
time ( ns ) Re ['(D)]




Perfect entanglers

Optimization target is defined not as a specific local equivalence class [U, ],

i.e. SUR2)xSU(2) orbit of U,

arget >

but the full set of perfect entanglers

[Ularged] [perfect entanglers]

e-neigborhood

/

identity identity




Optimal control: perfect entanglers

Direct optimization functional
l A La) ~ ~
JP=1- NRe[Tr{OJr PyU(T,0: )Py}
is to be based on the function

DU) = gs\/a2+ 63—

which goes to zero when the evolution operator reaches perfect entanglers

Numerical experiment: Tommaso Calarco (first results),
Christiane Koch (in progress)



II1. Two-qubit gates as a metric space

Jiri Vala
=|-' Paul Watts
]

Maurice O’Connor
NUI MAYNOOTH
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Metric properties and applications:
P. Watts et al., submitted (2013)



Decomposition and parametrisation of SU(4)

U — kl fl li’Q

1) Local part ; ‘Z.
k (a j’) = exp (—§a : 0) ® exp (—5‘3 - 0)
! R ! 15 Ao (B
= [[ cos (§> — (v - 0 SIn (5)] ® [[ CoS (§> — 13 - & sin (2)]
2) Non-local part
.3
;
A(cy,c9,03) = exp (—2 Z cjo; @ oj)
j=1
3 Ci C;
15- 1:[1 [[ ® I cos (é) — 10 @ 0 sin (5])]
1.25] J=
10 Restriction to the Weyl chamber:
0.757
0.55 3.0 —
0.253 2.265 0 < C3 < €2 < C1 < § &
E 1.5 c1

0.0

s
— < <m0<3< < mT—01

Parameters:
1 15 L .
r = (11-’ e T ) = (a1,01,01, 81, M1, &1, az, 02, 02, B2, Ao, &2, 1, C2, €3)

1.5 1.0



Invariant measure

Calculation of the Haar measure for SU(4) and its Cartan subalgebra:

We start with the Maurer-Cartan form

O = U dU
which can be rewritten in terms of Lia algebra generators and coordinate 1-forms
O = —iEAM (z) Tada”

where O 1s an NXN matrix whose determinant gives us the Haar measure

|det E(lj) | (1N'l7
Ju |det B (27) | dN 2!

du

The results for SU(2):

> =3 p— l “i [ —
Osupe) = ¢'dF/20e10F/2 = —§ZC (@) o

dpsve)(a,0,0) = = sin’ (%) sinfda A df A do



Haar measure for SU(4)

dp = dpsve) (1) Adpsue) (‘;1) A dpsu) (02) A dpsu(e) (d’;) Adpg (1, o, c3)

Local parts: .

dpsue)(a.0,¢) = 92 sin? (%) sinffda Adf@ A do

Non-local part: A8

dpa (e1,c9,c3) = —[sin(e1 + co)sin (¢q — o) sin (¢1 + ¢3) sin (¢ — ¢3)
T

X sin (g + ¢3) sin (cg — ¢3)| deg A deg A des,

= My (c1.c9,c3)dey Adeg Ades

The full SU(4):

3 2 Yg ,BZ .
dp = G0 z:rll sin? (%) sin f; sin? (2) sin )\7;]

x [ [sin(cj + cx)sin(¢; — cx)] dPa.
1<j<k<3



What is the size of control targets?

Control targets in the Weyl chamber can be defined as
a small neigborhood of the local equivalence class,
e.g. a cube of the volume V. = a°.

The corresponding invariant volume in the full SU(4) depends on
the location in the Weyl chamber

3.0

c; =m/12 Cy = T/6 c; =m/4




Examples

I dp = [ d
( ) (SU(2)®@SU(2))x(SU(2)®@SU(2))xU H Y HA

[1] at (0,0,0)
a” /407 + O(all)
SWAP] at (7/2,7/2,7/2)
a’ /407 + O(all)
[V/SWAP] at (7/4,7/4,7/4)
8a8 /57 + O(a®)
[B-gate| at (7/2,7/4,0)
1243 /7 + O(a®)
[CNOT]/[CPHASE] at (7/2,0,0)
4a® /T + O(a7) [CNO
DCNOT] at (x/2,7/2,0) 500
4a° /7 + O(a")

[SWAP]

Aq



Invariant volume of perfect entanglers

The perfect entanglers occupy a half of the volume of the Weyl chamber
but the invariant volume of the perfect entanglers in the full SU(4) 1s

the integral

) = /(SU(2)®SU(2))X(SU(2)®SU(2))XL{ dn = /u dia

over the perfect entanglers in the Weyl chamber

1.5

1.254

1.0

0.757

0.5
0.255

0.0




Invariant volume of perfect entanglers

The perfect entanglers occupy a half of the volume of the Weyl chamber
but the invariant volume of the perfect entanglers in the full SU(4) 1s

the integral

) = /(SU(2)®SU(2))X(SU(2)®SU(2))XL{ dn = /u dia

over the perfect entanglers in the Weyl chamber

1.5
1.254

1.0

0.757

0.5
0.255

0.0

Perfect entanglers occupy OVEI" 84 %0 of the total volume of SU@4)



Targeting perfect entanglers as clay pigeon shooting




Conclusions

Geometric theory of two-qubit gates

» provides powerful representation of two-qubit local equivalence classes;
» allows insights into structure and properties of perfect entanglers;

e gives intuitive picture of two-qubit quantum evolution;

* enables analytical construction of two-qubit quantum circuits;

* leads to new gates (B — gate) and implementations.

Optimal control applications

* relaxing constraints on the optimization target relaxes constraints on
physical interactions, optimization process and implementation;

e optimization to a given local equivalence class converges faster and
more reliably;

* optimization to the set of perfect entanglers promises to maximize
entanglement generation, preliminary results are quite encouraging

Metric properties
* derived expressions for the invariant length element and volume 1n
the representation particularly suitable for quantum information processing;
* true size of optimization targets; the largest in the center of the Weyl
chamber;
» perfect entanglers are (almost) everywhere!
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