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Phenomena	associated	with	chaotic	dynamics:	
	
	
	
	
	
	
	
	

	Transport	 	 	 	 			Thermalization 	 	 	 								Butterfly	effect	
	
Ultimate	goal:	understand	these	phenomena	and	their	relation	in	quantum	systems,	relate	
them	to	gravity	through	AdS/CFT	
	
Goal	of	talk:		
•  Develop	an	effective	theory	of	entanglement	dynamics	in	the	hydrodynamic	limit	
•  Study	its	interplay	with	other	chaotic	phenomena	
•  Comment	on	relations	to	tensor	network	approaches	to	AdS/CFT	
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Setup:	
•  Degrees	of	freedom	interacting	strongly	through	local	

chaotic	Hamiltonian.	
•  In	highly	excited	state,	out	of	equilibrium	at											,	

in	equilibrium	for 							.		
•  Foundational	question	in	statistical	physics.	Subject	of	

intense	current	activity	in	HEP,	CMT,	QI,	and	AMO	
experiments.	
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Study	the	setup	using	holographic	duality:	
•  A	QFT	settling	to	thermal	equilibrium	is	dual	to	a	collapsing	

black	hole.		
•  No	small	parameters,	holography	is	indispensible	in	

understanding	real	time	quantum	dynamics.	
•  Entanglement	plays	a	crucial	role	in	thermalization.		
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We	have	an	effective	theory	for	describing	conserved	densities.	
	
•  Hydrodynamics	applies	universally	for	all	chaotic	systems.	

Generalized	hydrodynamics	for	integrable	systems.	
	

•  Navier-Stokes	equations:	
	
	
	
	
	

	

Hydrodynamics	
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We	have	an	effective	theory	for	describing	conserved	densities.	
	
•  Hydrodynamics	applies	universally	for	all	chaotic	systems.	

Generalized	hydrodynamics	for	integrable	systems.	
	

•  Navier-Stokes	equations:	
	
	
	
	
	

	
•  Relativistic	hydro	from	hep-th	POV	is	an	EFT	based	on	

systematic	long	distance,	late	time	expansion.	Fluid	variables:	
	
	

•  Hydrodynamics	follows	from	the	conservation	of								.	Solution	
determines												out	of	equilibrium.		

Hydrodynamics	
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We	have	an	effective	theory	for	describing	conserved	densities.	
	
•  Fluid/gravity	constructs	black	holes	with	bumpy	horizons	

from	fluid	flows.	[Bhattacharyya	et	al.]		
	
	
	
	

•  Alternative	history:	String	theorists	discover	hydrodynamics	
by	studying	AdS	black	holes.	
	

Hydrodynamics	
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We	have	an	effective	theory	for	describing	conserved	densities.	
	
•  Fluid/gravity	constructs	black	holes	with	bumpy	horizons	

from	fluid	flows.	
	
	
	
	

•  Alternative	history:	String	theorists	discover	hydrodynamics	
by	studying	AdS	black	holes.	
	

•  Interested	in	more	data	than											:	entanglement	entropy,	
butterfly	effect,	etc.	

	
•  I	want	to	follow	the	“alternative	history”	path	to	discover	a	

hydrodynamic	effective	theory	of	entanglement	dynamics	
(and	operator	growth).	

•  Hydrodynamics	is	universal,	there	is	evidence	for	the	
universality	of	the	effective	theory	of	entanglement	
hydrodynamics.		
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Quantum	thermalization	
•  Pure	state	with	nonzero	energy	density:		

Unitary	time	evolution:	
		

•  	 	 	 	 	 	 											cannot	mean	thermalization.		
	
									encodes	all	the	information	in											,	but	at	late	times	in	
a	very	nonlocal	way.	
	

Quantum	thermalization	and	subsystems	
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Quantum	thermalization	
•  Pure	state	with	nonzero	energy	density:		

Unitary	time	evolution:	
		

•  	 	 	 	 	 	 											cannot	mean	thermalization.		
	
									encodes	all	the	information	in											,	but	at	late	times	in	
a	very	nonlocal	way.	
	

•  Consider	subsystems,	reduced	density	matrix:	
	
	

•  Thermalization:	
	
For	 								,	in	the	thermodynamic	limit	 	 			,	with				
determined	by	the	energy	density.	Entanglement	is	crucial	in	
making	this	possible.	
									

Quantum	thermalization	and	subsystems	

Fully	isolated	from	
environment	
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Entanglement	entropy	is	a	good	diagnostic	of	thermalization,	
we	focus	on	this	quantity.	
	
•  In	ground	states	of	local	Hamiltonians	the	entropy	scales	

with	the	area:	
	
	
	
	

•  A	generic	state	in	the	Hilbert	space	shows	volume	scaling:	
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Entanglement	entropy	is	a	good	diagnostic	of	thermalization,	
we	focus	on	this	quantity.	
	
•  In	ground	states	of	local	Hamiltonians	the	entropy	scales	

with	the	area:	
	
	
	
	

•  A	generic	state	in	the	Hilbert	space	shows	volume	scaling:	
	
	
	
	

•  Purest	setup	is	a	quench:	start	with	ground	state	of	a	local	
Hamiltonian,	change	the	Hamiltonian	suddenly,	and	let	the	
system	evolve.	(No	transport.)	
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Ā⌃

SA = sth vol(A) + . . .
<latexit sha1_base64="0epqrC1XMUcUM2vwGw/uRYVgie0=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQUcJuELQREmwsI5oHZMMyO5kkQ2YfzNwNhiVfYOOv2FgoYmtt5984SbbQxAMDh3Pu4c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXk/95ohJxcPgHsYR6/ikH/AepwS05JqFO7d6pVwH2AMkMJg4Z3jOR6GYFKsnp043BOWaeatkzYCXiZ2SPEpRc80vnaOxzwKggijVtq0IOgmRwKlgk5wTKxYROiR91tY0ID5TnWR2zgQXtNLFvVDqFwCeqb8TCfGVGvuenvQJDNSiNxX/89ox9C47CQ+iGFhA54t6scAQ4mk3uMsloyDGmhAquf4rpgMiCQXdYE6XYC+evEwa5ZJtlezb83ylnNaRRUfoGBWRjS5QBd2gGqojih7RM3pFb8aT8WK8Gx/z0YyRZg7RHxifP9h2m+k=</latexit><latexit sha1_base64="0epqrC1XMUcUM2vwGw/uRYVgie0=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQUcJuELQREmwsI5oHZMMyO5kkQ2YfzNwNhiVfYOOv2FgoYmtt5984SbbQxAMDh3Pu4c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXk/95ohJxcPgHsYR6/ikH/AepwS05JqFO7d6pVwH2AMkMJg4Z3jOR6GYFKsnp043BOWaeatkzYCXiZ2SPEpRc80vnaOxzwKggijVtq0IOgmRwKlgk5wTKxYROiR91tY0ID5TnWR2zgQXtNLFvVDqFwCeqb8TCfGVGvuenvQJDNSiNxX/89ox9C47CQ+iGFhA54t6scAQ4mk3uMsloyDGmhAquf4rpgMiCQXdYE6XYC+evEwa5ZJtlezb83ylnNaRRUfoGBWRjS5QBd2gGqojih7RM3pFb8aT8WK8Gx/z0YyRZg7RHxifP9h2m+k=</latexit><latexit sha1_base64="0epqrC1XMUcUM2vwGw/uRYVgie0=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQUcJuELQREmwsI5oHZMMyO5kkQ2YfzNwNhiVfYOOv2FgoYmtt5984SbbQxAMDh3Pu4c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXk/95ohJxcPgHsYR6/ikH/AepwS05JqFO7d6pVwH2AMkMJg4Z3jOR6GYFKsnp043BOWaeatkzYCXiZ2SPEpRc80vnaOxzwKggijVtq0IOgmRwKlgk5wTKxYROiR91tY0ID5TnWR2zgQXtNLFvVDqFwCeqb8TCfGVGvuenvQJDNSiNxX/89ox9C47CQ+iGFhA54t6scAQ4mk3uMsloyDGmhAquf4rpgMiCQXdYE6XYC+evEwa5ZJtlezb83ylnNaRRUfoGBWRjS5QBd2gGqojih7RM3pFb8aT8WK8Gx/z0YyRZg7RHxifP9h2m+k=</latexit><latexit sha1_base64="0epqrC1XMUcUM2vwGw/uRYVgie0=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQUcJuELQREmwsI5oHZMMyO5kkQ2YfzNwNhiVfYOOv2FgoYmtt5984SbbQxAMDh3Pu4c49XiS4Asv6NjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RHFBA9YHTgI1ookI74nWNMbXk/95ohJxcPgHsYR6/ikH/AepwS05JqFO7d6pVwH2AMkMJg4Z3jOR6GYFKsnp043BOWaeatkzYCXiZ2SPEpRc80vnaOxzwKggijVtq0IOgmRwKlgk5wTKxYROiR91tY0ID5TnWR2zgQXtNLFvVDqFwCeqb8TCfGVGvuenvQJDNSiNxX/89ox9C47CQ+iGFhA54t6scAQ4mk3uMsloyDGmhAquf4rpgMiCQXdYE6XYC+evEwa5ZJtlezb83ylnNaRRUfoGBWRjS5QBd2gGqojih7RM3pFb8aT8WK8Gx/z0YyRZg7RHxifP9h2m+k=</latexit>

t

A

A

⌃

⌃

Typical	
point	inside	
unentangled	
with	outside	

Typical	
point	inside		
entangled	
with	outside	
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Entropy	in	the	hydrodynamic	limit	
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Saturation	takes					
similarly	to	 	 	 		
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Detailed	understanding	of	HRT	surfaces.	The	surface	has		

three	parts:	[MM1]		
1.  Outside	the	horizon	part	gives	(divergent)	area	law.	
2.  Behind	the	horizon	region.	
3.  Behind	the	shell	part	gives	entropy	in	the	vacuum.	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Detailed	understanding	of	HRT	surfaces.	The	surface	has		

three	parts:	[MM1]		
1.  Outside	the	horizon	part	gives	(divergent)	area	law.	
2.   Behind	the	horizon	region.	
3.  Behind	the	shell	part	gives	entropy	in	the	vacuum.	

•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	
	
	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
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Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	

	
	

•  Push	HRT	surface	to	the	boundary	along	constant	infalling	time.		

Membrane	theory	of	entanglement	dynamics	
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<latexit sha1_base64="hVnnfVXanpiN2l4aaYeiCNDK2YY="></latexit>

A



t

Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	

	
	

•  Push	HRT	surface	to	the	boundary	along	constant	infalling	time.		

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
<latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit>

S(t) = sthR
d�1Sext
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R
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<latexit sha1_base64="hVnnfVXanpiN2l4aaYeiCNDK2YY="></latexit>

A

Horizon					boundary	

Shell	

⇠<latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit>

A

Projection	

t
<latexit sha1_base64="YAad2k/XdccLtZ60Q795cGJP6Mo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7atap3Va01ryv1Wh5HEc7gHC7Bgxuowz00oAUMODzDK7w5j86L8+58LFsLTj5zCn/gfP4A3KeM7A==</latexit>



t

Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Only	the	2.	part	contributes	to	the	extensive	part	of	the	entropy.	

	
	

•  Push	HRT	surface	to	the	boundary	along	constant	infalling	time.		
•  Scaling	limit:	

Area	functional	independent	of	the	derivatives	of	z.	Solve		
algebraic	EoM,	plug	back	into	action	to	derive	membrane	theory.	
	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
<latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit>

S(t) = sthR
d�1Sext
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<latexit sha1_base64="hVnnfVXanpiN2l4aaYeiCNDK2YY="></latexit>

xµ ! Rxµ , z ! z
<latexit sha1_base64="XGYLeTgx2lIII9WChUbp2UBTEno=">AAACD3icbVA7T8MwGHR4lvIKMLJYVCCGqkoKEoyVWBgLog+pCZXjOK1V54EfiDbqP2Dhr7AwgBArKxv/BjfNAC0nWTrffZ/sOy9hVEjL+jYWFpeWV1YLa8X1jc2tbXNntylixTFp4JjFvO0hQRiNSENSyUg74QSFHiMtb3Ax8Vv3hAsaRzdymBA3RL2IBhQjqaWuefRw64QKOjKG19Apw/xaLkPnTiEfjjJr1DVLVsXKAOeJnZMSyFHvml+OH2MVkkhihoTo2FYi3RRxSTEj46KjBEkQHqAe6WgaoZAIN83yjOGhVnwYxFyfSMJM/b2RolCIYejpyRDJvpj1JuJ/XkfJ4NxNaZQoSSI8fShQDOqIk3KgTznBkg01QZhT/VeI+4gjLHWFRV2CPRt5njSrFfukUr06LdWqeR0FsA8OwDGwwRmogUtQBw2AwSN4Bq/gzXgyXox342M6umDkO3vgD4zPH5CDmmo=</latexit>
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<latexit sha1_base64="OiEbvo/bx1lRE5FP1bBqugDCQbM="></latexit>

A

Horizon					boundary	

Shell	

⇠<latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit>

A

v
<latexit sha1_base64="dvzRUpfVRAQ7Jn6VYPf07aBExWY=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwNWRa+9oV3LhswT6gHUomzbShmcyQZApl6Be4EhTErZ/kyr8x01ZQ0QMXDufcy733+DFnSiP0YeW2tnd29/L79sHh0fFJ4fSsq6JEEtohEY9k38eKciZoRzPNaT+WFIc+pz1/dpv5vTmVikXiXi9i6oV4IljACNZGas9HhSJyULXSKCOInApya42GIQhV6+USdA3JUAQbtEaF9+E4IklIhSYcKzVwUay9FEvNCKdLe5goGmMywxM6MFTgkCovXR26hFdGGcMgkqaEhiv1+0SKQ6UWoW86Q6yn6reXiX95g0QHdS9lIk40FWS9KEg41BHMvoZjJinRfGEIJpKZWyGZYomJNtnYtknh61X4P+mWHLfslNo3xWZpk0ceXIBLcA1cUANNcAdaoAMIoOABPIFna2Y9Wi/W67o1Z21mzsEPWG+fzI+NRw==</latexit>

Projection	

EoM:	 z = f(v2)
<latexit sha1_base64="9YxO2u7jDalWbsvDeeSoC/HDVbQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkqSCnoRCl48VrAf0May2W7apZtN3N0Uauif8OJBEa/+HW/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/NHNzG+NqVQsEvd6ElMvxAPBAkawNlL76Toojx/c816xZFfsOdAqcTJSggz1XvGr249IElKhCcdKdRw71l6KpWaE02mhmygaYzLCA9oxVOCQKi+d3ztFZ0bpoyCSpoRGc/X3RIpDpSahbzpDrIdq2ZuJ/3mdRAdXXspEnGgqyGJRkHCkIzR7HvWZpETziSGYSGZuRWSIJSbaRFQwITjLL6+SpltxqhX37qJUc7M48nACp1AGBy6hBrdQhwYQ4PAMr/BmPVov1rv1sWjNWdnMMfyB9fkD8PuPMg==</latexit>

t
<latexit sha1_base64="YAad2k/XdccLtZ60Q795cGJP6Mo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7atap3Va01ryv1Wh5HEc7gHC7Bgxuowz00oAUMODzDK7w5j86L8+58LFsLTj5zCn/gfP4A3KeM7A==</latexit>



Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Membrane	theory:	

	
	
	
Membrane	is	projection	of	HRT	to	boundary.										is		
repackaging	of	geometry,	independent	of	quench	details.	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
<latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit>
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<latexit sha1_base64="OiEbvo/bx1lRE5FP1bBqugDCQbM="></latexit>

v =
(n · t̂)q

1 + (n · t̂)2
<latexit sha1_base64="2xeIf59cJ1EWo5U/a495D8fm5Zg="></latexit>

Horizon					boundary	

Shell	

⇠<latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit>

A

v
<latexit sha1_base64="dvzRUpfVRAQ7Jn6VYPf07aBExWY=">AAAB6XicdVDLSgMxFM3UVx1fVZdugkVwNWRa+9oV3LhswT6gHUomzbShmcyQZApl6Be4EhTErZ/kyr8x01ZQ0QMXDufcy733+DFnSiP0YeW2tnd29/L79sHh0fFJ4fSsq6JEEtohEY9k38eKciZoRzPNaT+WFIc+pz1/dpv5vTmVikXiXi9i6oV4IljACNZGas9HhSJyULXSKCOInApya42GIQhV6+USdA3JUAQbtEaF9+E4IklIhSYcKzVwUay9FEvNCKdLe5goGmMywxM6MFTgkCovXR26hFdGGcMgkqaEhiv1+0SKQ6UWoW86Q6yn6reXiX95g0QHdS9lIk40FWS9KEg41BHMvoZjJinRfGEIJpKZWyGZYomJNtnYtknh61X4P+mWHLfslNo3xWZpk0ceXIBLcA1cUANNcAdaoAMIoOABPIFna2Y9Wi/W67o1Z21mzsEPWG+fzI+NRw==</latexit>

E(v) t
<latexit sha1_base64="YAad2k/XdccLtZ60Q795cGJP6Mo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7atap3Va01ryv1Wh5HEc7gHC7Bgxuowz00oAUMODzDK7w5j86L8+58LFsLTj5zCn/gfP4A3KeM7A==</latexit>



Can	reformulate	holographic	surface	extremization	in	d+1	dimensions	as	membrane	
minimization	in	d	dimensions	in	the	limit																						.	[MM2]			
•  Membrane	theory:	

	
	
	
Membrane	is	projection	of	HRT	to	boundary.										is		
repackaging	of	geometry,	independent	of	quench	details.	

•  Using	the	NEC,	can	prove	the	following	properties	of 						.	
									can	be	thought	of	as	a	transport	coefficient.	
	
	
	

Membrane	theory	of	entanglement	dynamics	

R, t � tloc
<latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit><latexit sha1_base64="DozjK4a63HhBCE9j0QaQCHUWsuU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuJCSFEGXBTcuq9gLNCFMppN06OTCzIkYQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5vdTwRVY1rdRWVvf2Nyqbtd2dvf2D8zDo55KMklZlyYikQOfKCZ4zLrAQbBBKhmJfMH6/uR6Vu8/MKl4Et9DnjI3ImHMA04JaMsz63fn4IQhBs8B9giFSOjUMxtW05oLr4JdQgOV6njmlzNKaBaxGKggSg1tKwW3IBI4FWxaczLFUkInJGRDjTGJmHKL+fFTfKqdEQ4SqV8MeO7+nihIpFQe+bozIjBWy7WZ+V9tmEFw5RY8TjNgMV0sCjKBIcGzJPCIS0ZB5BoIlVzfiumYSEJB51XTIdjLX16FXqtpa769aLRbZRxVdIxO0Bmy0SVqoxvUQV1EUY6e0St6M56MF+Pd+Fi0Voxypo7+yPj8AbHnlL8=</latexit>
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v =
(n · t̂)q

1 + (n · t̂)2
<latexit sha1_base64="2xeIf59cJ1EWo5U/a495D8fm5Zg="></latexit>

Horizon					boundary	

Shell	

⇠<latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit><latexit sha1_base64="WZgFE+41YtnhtwqayZ0KdePNfOA=">AAAB63icbZBNSwMxEIZn/az1q+rRS7AInspuEfRY8OKxgv2AdinZdLYNTbJLkhVK6V/w4kERr/4hb/4bs+0etPWFwMM7M2TmjVLBjfX9b29jc2t7Z7e0V94/ODw6rpyctk2SaYYtlohEdyNqUHCFLcutwG6qkcpIYCea3OX1zhNqwxP1aKcphpKOFI85oza3+obLQaXq1/yFyDoEBVShUHNQ+eoPE5ZJVJYJakwv8FMbzqi2nAmcl/uZwZSyCR1hz6GiEk04W+w6J5fOGZI40e4pSxbu74kZlcZMZeQ6JbVjs1rLzf9qvczGt+GMqzSzqNjyozgTxCYkP5wMuUZmxdQBZZq7XQkbU02ZdfGUXQjB6snr0K7XAscP19VGvYijBOdwAVcQwA004B6a0AIGY3iGV3jzpPfivXsfy9YNr5g5gz/yPn8AGuGONw==</latexit>
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EE	for	strip,	sphere,	cylinder	regions	in	the	hydro	limit	is	analytically	solvable.	[MM1;	MM2]	
•  Strip:	
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EE	for	strip,	sphere,	cylinder	regions	in	the	hydro	limit	is	analytically	solvable.	[MM1;	MM2]	
•  Strip:	

	
	
	

•  Sphere:	
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EE	for	strip,	sphere,	cylinder	regions	in	the	hydro	limit	is	analytically	solvable.	[MM1;	MM2]	
•  Strip:	

	
	
	

•  Sphere:	
	
	
	
	

•  Stadium	shape:	
[MM,	van	der	Schee]	
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EE	for	strip,	sphere,	cylinder	regions	in	the	hydro	limit	is	analytically	solvable.	[MM1;	MM2]	
•  Strip:	

	
	
	

•  Sphere:	
	
	
	
	

•  Stadium	shape:	
[MM,	van	der	Schee]	
	
	
	
	
	
	

•  Simple	bound	on	saturation	time	from	operator	growth:	[MM,	Stanford]	
For	elongated	shapes	in	4D	we	find:	
Black	holes	often	saturate	entanglement	entropy	the	fastest.		

Applications	

t

SA(t)

0.2 0.4 0.6 0.8 1.0 1.2
T / R

0.2

0.4

0.6

0.8

1.0
S(T) / S(∞)

tS = R/vE
<latexit sha1_base64="dsxXLsLpp7EHgRNEFFUTM3DADuA=">AAAB8XicbVDJSgNBEK1xjXGLevTSGARPcSYKehECIniMSxZMhqGn00ma9PQM3TWBEPIXXjwo4tW/8ebf2FkOmvig4PFeFVX1wkQKg6777Swtr6yurWc2sptb2zu7ub39qolTzXiFxTLW9ZAaLoXiFRQoeT3RnEah5LWwdz32a32ujYjVIw4S7ke0o0RbMIpWeiIYPFzdn/aDmyCXdwvuBGSReDOShxnKQe6r2YpZGnGFTFJjGp6boD+kGgWTfJRtpoYnlPVohzcsVTTixh9OLh6RY6u0SDvWthSSifp7YkgjYwZRaDsjil0z743F/7xGiu1LfyhUkiJXbLqonUqCMRm/T1pCc4ZyYAllWthbCetSTRnakLI2BG/+5UVSLRa8s0Lx7jxfKs7iyMAhHMEJeHABJbiFMlSAgYJneIU3xzgvzrvzMW1dcmYzB/AHzucPQJGP8A==</latexit>

tS � R/vB
<latexit sha1_base64="4xgdiRtFnQ0IniBpBhJ4gsfoKDI=">AAAB9XicbVDLTsJAFL3FF+ILdelmIjFxhS2a6JLoxiU+eCRQm+kwhQnTaZ2ZYkjDf7hxoTFu/Rd3/o0DdKHgSW5ycs69ufceP+ZMadv+tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cDXxm0MqFYvEvR7F1A1xT7CAEayN9IC0d9fp0Ud0ezL0Lr1iyS7bU6BF4mSkBBlqXvGr041IElKhCcdKtR071m6KpWaE03GhkygaYzLAPdo2VOCQKjedXj1GR0bpoiCSpoRGU/X3RIpDpUahbzpDrPtq3puI/3ntRAcXbspEnGgqyGxRkHCkIzSJAHWZpETzkSGYSGZuRaSPJSbaBFUwITjzLy+SRqXsnJYrN2elaiWLIw8HcAjH4MA5VOEaalAHAhKe4RXerCfrxXq3PmatOSub2Yc/sD5/ACBqkZE=</latexit>

tS = R/vB
<latexit sha1_base64="JngqwU652xRC2Oi8CXVnwwvLDRk=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVZMq6EYounFZH31AGsJkOmmHTjJh5qZQQj/DjQtF3Po17vwbp20W2nrgwuGce7n3niARXINtf1uFldW19Y3iZmlre2d3r7x/0NIyVZQ1qRRSdQKimeAxawIHwTqJYiQKBGsHw9up3x4xpbmMn2CcMC8i/ZiHnBIwkovBf7zGD2cj/8YvV+yqPQNeJk5OKihHwy9/dXuSphGLgQqitevYCXgZUcCpYJNSN9UsIXRI+sw1NCYR0142O3mCT4zSw6FUpmLAM/X3REYircdRYDojAgO96E3F/zw3hfDKy3icpMBiOl8UpgKDxNP/cY8rRkGMDSFUcXMrpgOiCAWTUsmE4Cy+vExatapzXq3dX1TqtTyOIjpCx+gUOegS1dEdaqAmokiiZ/SK3iywXqx362PeWrDymUP0B9bnD5OekBc=</latexit>



The	membrane	theory	is	robust,	can	be	generalized	away	from	global	quenches.		
[MM,	Virrueta]		
	
•  Fluid/gravity	black	brane	dual	to	an	inhomogenous	state	in	local	thermal	equilibrium.	

To	subleading	order,	we	get	the	membrane	coupled	to	hydrodynamics:	
	
	
	
	

Interplay	with	hydro	

S =

Z
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E(v)p
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+ . . . , v(x) ⌘ (n · u(x))p
1 + (n · u(x))2
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The	membrane	theory	is	robust,	can	be	generalized	away	from	global	quenches.		
[MM,	Virrueta]		
	
•  Fluid/gravity	black	brane	dual	to	an	inhomogenous	state	in	local	thermal	equilibrium.	

To	subleading	order,	we	get	the	membrane	coupled	to	hydrodynamics:	
	
	
	
	

•  Adaptable	to	other	inhomogenous	setups,	can	incorporate											and										corrections	
without	change	in	the	structure	of	the	membrane	theory.	 					corrections	would	be	
most	interesting.	
	

•  Membrane	theory	is	versatile,	has	connections	to	operator	growth	and	
hydrodynamics,	and	has	all	the	features	to	be	a	universal	theory.		
	
	

Interplay	with	hydro	
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Features	of	the	thermalization:	
•  Conserved	densities	described	by	hydro.	
•  State	of	the	entire	system	cannot	become	thermal.	

Small	subsystem	thermalize	by	becoming	entangled	
with	the	rest	of	the	system.	
	
Captures	the	essence	of	thermalization.	
	

Goal:	Find	effective	theory	(akin	to	hydro)	of	
entanglement	dynamics.	
•  Alternative	history	method:	Discovered	membrane	

theory	by	studying	AdS	black	holes,	has	structure	
applicable	to	all	chaotic	theories.	

•  In	the	following	conduct	further	tests.	Elucidate	
connections	to	other	manifestations	of	chaotic	
dynamics.		

	

Summary	

t
AA

⌃ ⌃

SA(t) ! S(eq)
A (�) = sth(�) vol(A)

<latexit sha1_base64="i5CrTdtwJQ8B2H/ZMrh2kgkNQ5c="></latexit><latexit sha1_base64="i5CrTdtwJQ8B2H/ZMrh2kgkNQ5c="></latexit><latexit sha1_base64="i5CrTdtwJQ8B2H/ZMrh2kgkNQ5c="></latexit><latexit sha1_base64="i5CrTdtwJQ8B2H/ZMrh2kgkNQ5c="></latexit>

0.2 0.4 0.6 0.8 1.0 1.2
T / R

0.2

0.4

0.6

0.8

1.0
S(T) / S(∞)



Transport	
• 	Hydro	as	an	EFT	
• 	Holography	for	real	time	dynamics	

Thermalization	
• 	Entanglement	entropy	as	a	probe	
• 	Membrane	theory	is	the	EFT	
• 	Interplay	with	hydro	

Outline	

Comments	on	tensor	networks	
• 	Membrane	theory	from	random	circuits	
• 	Interplay	with	operator	growth	

Conclusions	and	open	questions	

t



The	same	description	of	entanglement	dynamics	arises	in	CMT.	
•  Random	quantum	circuit	model	for	the	evolving	wave	function.	

	
	
	
	

Membrane	theory	from	random	circuits	
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The	same	description	of	entanglement	dynamics	arises	in	CMT.	
•  Random	quantum	circuit	model	for	the	evolving	wave	function.	

	
	
	
	

Membrane	theory	from	random	circuits	
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The	same	description	of	entanglement	dynamics	arises	in	CMT.	
•  Random	quantum	circuit	model	for	the	evolving	wave	function.	

	
	
	
	

•  Minimal	cut	computes	the	entropy.	[Nahum,	Ruhman,	Vijay,	Haah]	
	
	
	
	
	
	
		
	
Minimal	membrane	phenomenology	of	entropy	dynamics.	[Jonay,	Huse,	Nahum]		

Membrane	theory	from	random	circuits	

S = sth

Z t

0
dt0 E(v)
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The	same	description	of	entanglement	dynamics	arises	in	CMT.	
•  Random	quantum	circuit	model	for	the	evolving	wave	function.	

	
	
	
	

•  Minimal	cut	computes	the	entropy.	[Nahum,	Ruhman,	Vijay,	Haah]	
	
	
	
	
	
	
		
	
Minimal	membrane	phenomenology	of	entropy	dynamics.	[Jonay,	Huse,	Nahum]		

•  Analytic	arguments	in	Floquet	systems.	[Nahum,	Zhou]	Evidence	in	chaotic	spin	chains.	
[Jonay,	Huse,	Nahum]	

•  Remarkable	unification	of	CMT	and	HEP	approaches:	Membrane	description	of	EE	
growth	in	quenches.	
	

Membrane	theory	from	random	circuits	

S = sth

Z t

0
dt0 E(v)
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The	analogy	between	minimal	cuts	and	the	RT	surface	computing	entanglement	entropy	
has	inspired	toy	models	of	holography.	
•  AdS/MERA	analogy,	[Swingle]	perfect	and	

random	tensor	networks	[Pastawski	et	al;	
Hayden	et	al.]			
	
	

•  Suggestive	results	for	maximal	volume	slice.	[Hartman,	Maldacena;	Roberts,	Stanford,	
Susskind]	But	HRT	surfaces	for	different	shapes	do	not	lie	on	same	Cauchy	slice.		
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Fig. 14.2 A cartoon for a MERA tensor network illustrating the general idea of applying
disentanglers to remove short distance entanglement and thence applying the isometries/coarse-
grainers to block spins

and the first step of coarse-graining brings us to the chain at u D !1 , etc. If we start
with a spin chain with n spins, after ju j steps of coarse-graining, the number of spins
becomes pu n. Therefore after logp n steps, we reduce down to a single spin. This is
essentially the quantum version of Kadanoff blocking.

Taking into account only the coarse-graining, however, fails to result in a good
approximation of the correct ground state for quantum critical theories in ds D 1 .
The situation simply gets worse in higher dimensions. To see why, let us estimate
how much data we need to retain after n steps of coarse-graining. For a non-critical
system in one spatial dimension ds D 1 , we know that entropySA remains bounded
by a finite value, independent of the size of the subsystem as in (14.1.4). We may
then roughly take ! to be given by the maximal value of the entanglement entropy
and get a good approximation. For a critical system in ds D 1 , we have the famous
logarithmic scaling SA " c

3
log `A, so the bond dimension would be required to

go as .`A/
c
3 . This amounts to ! # e! c

6 ju j log p after ju j steps, which renders the
approximation useless. In higher dimensions, one can use the area law scaling of
entanglement entropy to see that there is a super-exponential growth in the number
of coarse-graining steps.

To resolve this issue, MERA employs another operation called the disentangler.
The idea is to remove the entanglement between neighbouring blocks as one
proceeds upwards in the coarse-graining transformation. To do so, one has to act
with a unitary transformation on neighbouring blocks to remove the entanglement
present. Rather than act on all the blocks, one chooses to act with a unitary
transformation on the two neighbour sites at the edges of their respective blocks.
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Analogy	between	minimal	cuts	and	the	RT	surface	has	inspired	toy	models	of	holography.	
•  Suggestive	results	for	maximal	volume	slice.	[Hartman,	Maldacena;	Roberts,	Stanford,	

Susskind]	But	HRT	surfaces	for	different	shapes	do	not	lie	on	same	Cauchy	slice.	
	
	
	
	
	
	
	

•  Entanglement	of	local	operator	with	growing	footprint	is	computed	by	membrane	in	
time	fold	geometry.	[Roberts,	Stanford,	Susskind;	Jonay,	Huse,	Nahum;	MM,	Virrueta]		
	
	
	
	
	
	
	
	

•  Quantitative	connection	to	TNs	through	EoM,	bulk	geometry	encoded	in									.			
	
	

Tensor	networks	and	holography	
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Transport	
• 	Hydro	as	an	EFT	
• 	Holography	for	real	time	dynamics	

Thermalization	
• 	Entanglement	entropy	as	a	probe	
• 	Membrane	theory	is	the	EFT	
• 	Interplay	with	hydro	

Outline	

Comments	on	tensor	networks	
• 	Membrane	theory	from	random	circuits	
• 	Interplay	with	operator	growth	

Conclusions	and	open	questions	

t



Universality	classes	of	entropy	dynamics	

I	propose	that	there	are	two	universality	classes	of	entropy	dynamics	at	
long	distances	and	late	times	(in	translationally	invariant	systems).	
•  2d	integrable	models,	RCFTs,	d>2	free	theories	are	described	by	the	

quasiparticle	theory.	
•  The	holographic	results	can	be	reformulated	in	terms	of	a	

membrane	theory,	which	then	can	be	adopted	to	any	chaotic	
system.	Applies	to	holographic	theories,	random	circuits,	evidence	
for	chaotic	spin	chains.	[Jonay	et	al.,	MM2]	

•  Is	there	something	in	between?	
•  Analogous	to	the	dichotomy	between	generalized	hydrodynamics	

applicable	to	integrable	systems	(giving	ballistic	transport)	and	
hydrodynamics	(describing	diffusive	transport).	



Entropy	in	the	hydrodynamic	limit	
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•  Qualitative	picture	of	entanglement	
entropy	at	time	t	of	a	region	of	
characteristic	size	R,																			.		
[Cardy,	Calabrese;	Hartman,	
Maldacena;	Liu,	Suh]	

•  EE	in	free	scalar	theory	for	a	disk,	dots	
are	data	points,	line	is	quasiparticle	
theory	[Cotler,	Hertzberg,	MM,	
Mueller]	

•  EE	in	holographic	theories	for	a	disk,	
data	collapse,	solid	line	is	membrane	
theory,	deviation	is	controlled	by	1/R	
[MM1]	

	
	
	
	

R, t � tloc
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Summary	
Phenomena	associated	with	chaotic	dynamics:	
•  Hydrodynamics	is	the	EFT	for	transport,	serves	as	target	
•  Universality	classes	of	thermalization:		

Quasiparticle	theory	vs	Membrane	theory	
•  Derived	the	membrane	theory	of	entanglement	dynamics	from	

holography.	Evidence	for	universality	from	CMT	
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Summary	
Phenomena	associated	with	chaotic	dynamics:	
•  Hydrodynamics	is	the	EFT	for	transport,	serves	as	target	
•  Universality	classes	of	thermalization:		

Quasiparticle	theory	vs	Membrane	theory	
•  Derived	the	membrane	theory	of	entanglement	dynamics	from	

holography.	Evidence	for	universality	from	CMT	
	
	
	
	
	

•  Uncovered	interplay	with	hydro,	chaos	and	TNs:	
Ø  Membrane	couples	to	hydrodynamics	
Ø  Key	role	of						,	bounds	on	entropy,	operator	EE	picture	
Ø  Membrane	is	a	cut	through	TN,	TN	is	obtained	after	solving	

bulk	EoMs	
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Summary	
Phenomena	associated	with	chaotic	dynamics:	
•  Hydrodynamics	is	the	EFT	for	transport,	serves	as	target	
•  Universality	classes	of	thermalization:		

Quasiparticle	theory	vs	Membrane	theory	
•  Derived	the	membrane	theory	of	entanglement	dynamics	from	

holography.	Evidence	for	universality	from	CMT	
	
	
	
	
	

•  Uncovered	interplay	with	hydro,	chaos	and	TNs:	
Ø  Membrane	couples	to	hydrodynamics	
Ø  Key	role	of						,	bounds	on	entropy,	operator	EE	picture	
Ø  Membrane	is	a	cut	through	TN,	TN	is	obtained	after	solving	

bulk	EoMs	
	

•  Rich	applications	
Ø 	Entropy	cone	inequalities	generalized	to	time	dependent	
settings.	[Hayden,	Headrick,	Maloney;	Bao	et	al.;	Bao,	MM]	
Ø 	Bit	threads	reformulation.	[Freedman,	Headrick;	Agon,	MM]	

•  Membrane	theory	has	all	the	features	to	be	a	universal	theory.		
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Open	questions	and	some	hints	
•  What	does	the	membrane	theory	imply	for	holographic	RG?	

Hint:	The	metric	inside	the	horizon	does	not	seems	to	be	organized	by	scale.	
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•  Are	new	quantum	extremal	surfaces,	islands	be	captured	by	the	membrane	theory?		
Hint:	It	looks	plausible	that	1/N	corrections	can	be	captured	by	the	membrane	theory.	It	
may	be	that	we	get	multiple	minimal	membranes	for	evaporating	BH.	
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•  What	does	the	membrane	theory	imply	for	holographic	RG?	

Hint:	The	metric	inside	the	horizon	does	not	seems	to	be	organized	by	scale.	
	
	
	
	
	
	
	

•  Are	new	quantum	extremal	surfaces,	islands	be	captured	by	the	membrane	theory?		
Hint:	It	looks	plausible	that	1/N	corrections	can	be	captured	by	the	membrane	theory.	It	
may	be	that	we	get	multiple	minimal	membranes	for	evaporating	BH.	
	
	

•  Is	the	membrane	theory	a	good	starting	point	to	getting	gravitational	dynamics	out	of	
entanglement?	
Hint:	Slogan:	“Gravity	is	the	hydrodynamics	of	entanglement.”May	have	to	go	to	shorter	
times	and	distances	in	CFT	to	see	dynamical	geometry.		

Open	questions	and	outlook	for	gravity	
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Organized	by	RG	scale	

Equally	important	at	
the	longest	scales	
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Calabrese-Cardy	model:	energy	injection	from	quench	creates	a	finite	density	of	EPR	pairs,	
subsequently	travel	freely	at	the	speed	of	light	isotropically.		
•  Leads	to	linear	growth	with		 	 	in	2d. 	 	 	 		
	
•  Higher	dimensions:	entanglement	spreading	depends	

on	entanglement	pattern	on	the	light	cone												.	
Contribution	from	each	light	cone	has	to	be	added.	
[Casini,	Liu,	MM]		

	

vE = 1

µ[L⌃]

Quasiparticle	model	
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′

∫ ∞

−∞

dx

∫

f(p′, p′′)dp′dp′′δ
(

x′ − x − v(p′)t
)

δ
(

x′′ − x − v(p′′)t
)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′)(v(−p′) + v(p′′)) H(ℓ− (v(−p′) + v(p′′))t) +

+ 2ℓ

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′) H((v(−p′) + v(p′′))t − ℓ) , (4.2)
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momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is
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x′ − x − v(p′)t
)
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(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max
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, so that
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Bound	on	the	entanglement	speed	from	SSA:	
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momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′

∫ ∞

−∞

dx

∫

f(p′, p′′)dp′dp′′δ
(

x′ − x − v(p′)t
)

δ
(

x′′ − x − v(p′′)t
)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′)(v(−p′) + v(p′′)) H(ℓ− (v(−p′) + v(p′′))t) +

+ 2ℓ

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′) H((v(−p′) + v(p′′))t − ℓ) , (4.2)

15



Calabrese-Cardy	model:	energy	injection	from	quench	creates	a	finite	density	of	EPR	pairs,	
subsequently	travel	freely	at	the	speed	of	light	isotropically.		
•  Leads	to	linear	growth	with		 	 	in	2d. 	 	 	 		
	
•  Higher	dimensions:	entanglement	spreading	depends	

on	entanglement	pattern	on	the	light	cone												.	
Contribution	from	each	light	cone	has	to	be	added.	
[Casini,	Liu,	MM]		

	
Bound	on	the	entanglement	speed	from	SSA:	
	

Slower	than	holography.	
•  In	strongly	coupled	systems,	entanglement	grows	

faster	than	what’s	possible	for	free	particles	streaming	
at	the	speed	of	light!	

•  Consider	the	effect	of	interactions:	tensor	network	picture	
emerging	from	scattering	particles	is	natural.		
[Hartman,	Maldacena;	Casini,	Liu,	MM]	
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FIG. 7. Space-time picture illustrating how the entanglement between an interval A and the
rest of the system, due to oppositely moving coherent quasiparticles, grows linearly and then
saturates. The case where the particles move only along the light cones is shown here for clarity.

momentum p produced at x is therefore at x + v(p)t at time t, ignoring scattering effects.
Now consider these quasiparticles as they reach either A or B at time t. The field at

some point x′ ∈ A will be entangled with that at a point x′′ ∈ B if a pair of entangled
particles emitted from a point x arrive simultaneously at x′ and x′′ (see Fig. 7).

The entanglement entropy between x′ and x′′ is proportional to the length of the interval
in x for which this can be satisfied. Thus the total entanglement entropy is

SA(t) ≈
∫

x′∈A

dx′

∫

x′′∈B

dx′′

∫ ∞

−∞

dx

∫

f(p′, p′′)dp′dp′′δ
(

x′ − x − v(p′)t
)

δ
(

x′′ − x − v(p′′)t
)

.

(4.1)
Now specialize to the case where A is an interval of length ℓ. The total entanglement

is twice that between A and the real axis to the right of A, which corresponds to taking
p′ < 0, p′′ > 0 in the above. The integrations over the coordinates then give max

(

(v(−p′) +
v(p′′))t, ℓ

)

, so that

SA(t) ≈ 2t

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′)(v(−p′) + v(p′′)) H(ℓ− (v(−p′) + v(p′′))t) +

+ 2ℓ

∫ 0

−∞

dp′
∫ ∞

0

dp′′f(p′, p′′) H((v(−p′) + v(p′′))t − ℓ) , (4.2)
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•  Numerical	results	for	3d	boundary	state	
quench	for	scalar	field.	[Cotler,	
Hertzberg,	MM,	Mueller]	
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Entanglement	entropy	in	static	holographic	states	obeys	inequalities,	that	are	not	true	in	
general	in	QM.	
•  The	best	known	one	is	the	monogamy	of	mutual	information.	[Hayden,	Headrick,	

Maloney]	It	can	be	proven	using	the	same	steps	as	in	the	proof	of	SSA.	
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•  The	inclusion-exclusion	proof	method	can	be	used	to	derive	many-party	inequalities.	

[Bao	et	al.]	Holography	is	not	essential,	only	need	that	the	entropy	is	proportional	to	a	
partionable	geometric	minimization	problem.	
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partionable	geometric	minimization	problem.	

•  HRT	is	an	extremization	of	codimension-2	surface,	no	proof	(or	counterexample)	is	
known	for	many-party	inequalities.	Inclusion-exclusion	applies	to	the	membrane	
theory,	hence	proof	for	time	dependent	states	(large	regions,	late	times).	[Bao,	MM]		
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The	Ryu-Takayanagi	prescription	can	be	reformulated	in	the	language	of	bit	threads.	
[Freedman,	Headrick]	
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Constraints:	
	

•  Covariant	generalization	to	HRT	[Headrick,	Hubeny]	
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•  Membrane	theory	can	also	be	similarly	reformulated	without	reference	to	holography.	
Only	one	constraint	changes	[Agon,	MM]	
	
	
													is	the	Legendre	transform	of											:		
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The	Ryu-Takayanagi	prescription	can	be	reformulated	in	the	language	of	bit	threads.	
[Freedman,	Headrick]	
•  Maximize		

	
Constraints:	
	

•  Covariant	generalization	to	HRT	[Headrick,	Hubeny]	

•  Membrane	theory	can	also	be	similarly	reformulated	without	reference	to	holography.	
Only	one	constraint	changes	[Agon,	MM]	
	
	
													is	the	Legendre	transform	of											:		
	

•  The	map	that	reconstructs	the	HRT	surface	from	the	minimal	membrane	can	be	used	
to	push	the	membrane	theory	bit	thread	into	the	bulk.	

•  Membrane	theory	is	versatile,	has	connections	to	operator	growth	and	
hydrodynamics,	and	has	all	the	features	to	be	a	universal	theory.		
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Entanglement	entropy	obeys	inequalities,	natural	to	consider	bounds	in	the	quench	setup.		
•  		 				can	be	proven	using	Lorentz	invariance	and	the	SSA	inequality,	[Casini,	Liu,	

MM]	or	the	monotonicity	of	relative	entropy.	[Afkhami-Jeddi,	Hartman]	
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Gives	bound	for	all	times.	Can	be	combined		
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•  Consequences:	
	
	
In	holography,	for	spheres	saturation	is	often	as	fast	as	possible.	[Liu,	Suh;	MM,	
Stanford;	MM1]		
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Entanglement	entropy	obeys	inequalities,	natural	to	consider	bounds	in	the	quench	setup.		
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MM]	or	the	monotonicity	of	relative	entropy.	[Afkhami-Jeddi,	Hartman]	
•  Monotonicity	of	(thermal)	relative	entropy	for	

subsystems	combined	with	emergent						light		
cones	at	finite	temperature	in	chaotic	systems:	
	
	
Gives	bound	for	all	times.	Can	be	combined		
with	another	proposed	inequality.	[MM,	Stanford]		

•  Consequences:	
	
	
In	holography,	for	spheres	saturation	is	often	as	fast	as	possible.	[Liu,	Suh;	MM,	
Stanford;	MM1]		

•  Membrane	theory	proof:	there	exists	a	maximal	membrane	tension	compatible	with	
the	general	properties	discussed	before.	
	
	
The	resulting	minimal	membrane	is	a	combination	of	a	cylinder	and	the	cone	
saturating	the	combined	inequalities.	[MM2]	
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