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Anderson localization W
An electron in random potential

P.W. Anderson (1958)

Let's put disorder into 3d Z2 topological insulators and

study Anderson localization of surface Dirac fermions

(1) strong topological insulator (2) weak topological insulator

i l
strong Z, weak Z,

insulator insulator 2d Z2 top. insulator

Localization-delocalization
transition (in the standard
symplectic class)

No localization!
(topological metal)



Universality classes of disordered electron systems
« Dimensionality of space (= 2)
«  Symmetry of Hamiltonian

time-reversal symmetry

SU(2) rotation symmetry in spin space

3 standard classes (Wigner-Dyson random matrix theory)

time reversal symmetry spin rotation
orthogonal O O T=K
unitary X O/ X
symplectic O X T=io,K
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Z2 topological insulators
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symplectic class: o time-reversal, x spin-rotation Tin T

A

disordered metal with spin-orbit interaction

anti-weak localization
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Metal-insulator transition in 2D




Nonlinear Singl model: (Wegner, Efetov, Altshuler-Kravtsov-Lerner, ...)
low-energy effective field theory for Nambu-Goldstone bosons

E = [ (o) dxdz+i275N E = [tr(6Q)°d’r +i6N
Antiferromagnets Integer Quantum Hall effect
N-G bosons magnons Diffuson
Ordered phase  antiferromagnetic metallic
Disordered phase paramagnetic insulating
Order parameter feR® fi-fi=1 QeU(2N)  Q=diag(1,,~1,)
Target space G/H =0(3)/0(2) G/H=U(2N)/U(N)xU(N)
m,(GIH)=2 m,(GIH)=2
Haldane Pruisken

Topological terms lead to nonperturbative effects.



IQHE (and 1d Antiferromagnet)
mo(G/H) = m(URN)/U(N) xU(N)) =Z (Pruisken, 1983)

topological secTors labeled by an integer 0re 2-parameter scaling
Ch[Q] := / d2retr[Q9,Q0,Q) € Z A
1672
topological term as a phase of fermion determinant v ! Y

(can be obtained from chiral anomaly)

e~SerlQl = [ DI, e £rEr = Det(D[Q)) ! Y v

= ¢toplQlDet(D[Q))| j
A

theta angle can be tuned - .
Critical point for —

6 = me/(ez/h) pleateau transition

0 = = -




Nonlinear sigma model for the symplectic class

N-G bosons Diffuson & Cooperon
Ordered phase metallic
Disordered phase insulating

Matrix fields Q°=1,,, Q'=Q, TrQ=0
Target space G/ H = O(4N)/O(2N) x O(2N)

7,(G/H)=2, Fendley, PRB (2001)

2 distinct sectors in the space of field configurations

<o OO

e l4er o pTr_p 2

(no top. term) (with Z, top. term)



Q: What is a minimal model whose transport is described by

the nonlinear sigma model with a Z, topological ferm?

A: Single-flavor Dirac fermion in 2d.

(1) 2d surface of 3d strong Z, topological insulators
(2) graphene with smooth disorder potential

Dirac fermion in 2 dimensions

b E(k) = +hop k2 + k2
H — —.’ﬁz ) a, = —fﬁl ! 0:1 B “)y E ;
R T e Oy + 10, 0
ky
+disorder / X /

2-component, massless, single flavor k
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Disorder effects on Dirac fermions in 2 dimensions

H = _2‘(0_;1‘.(9;1‘. + O_ydy) T V(ﬂj: U) ol “time-reversal symmetry”
oy H*(—i0y) =H

ViVer') = gs®r—), V(r)=0

disorder average
fermionic replica trick  disorder model = interacting model

Z =/D[@E, ] exp (—/ d°r L)

L = Pa (—ioudy + i0A ) ¥y — gﬂawawb

’(Za — wgiay Majorana fermion N = diag (1o, —1oxn)

)

L =¥ D[Q], (D@D ap = ouppdap—1AQqup

Zetr = | DI, ¥ID[Q] exp (— [ [ﬁf + f—;tr (@Q")




o SefflQ] — /D[&w]e—fd%“ﬁf

= Pf(ioy D[Q))
= +|Pf(i0y D[Q)])|

10



1 /- >, .

Seff = —/d rtr(0Q)< + imn[Q)] |
t Z, topological term

Sign of Pfaffian: =1 = emn[Q]

Ryu, Mudry, Obuse, & AF, PRL 99, 116601 (2007)

also by Ostrovsky, Gornyi, & Mirlin, PRL 98, 256801 (2007)

Spectral flow

Q =(1-1)Q; + th
Q;: Qf

trivial sector nontrivial sector

t
-

Qi Q¢ Qf
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B(g)

RG flow of the nonlinear sigma model with a Z, topological term

Seff = %/dzf‘ tr(8Q)? + imn[Q]

Direct numerical calculations of the beta function 8(9) =

any

critical points in RG ??

Nomura, Koshino, & Ryu, PRL (2007)

Dirac fermion
+ random scalar pot.

A A . - B B N

/ « massless Dirac model

nonrelativistic fermion
+ random pot. + SOI

o random SO model
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The beta function is always positivel
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Spectral flow induced by twisting boundary conditions

b(z+ Ly, y) = PP (z,y),

En(¢)are flat ———

(Nomura, Koshino, & Ryu, PRL 2007)

localization

hot flat ——= delocalization

Time-reversal symmetry at@ = O, 7

Kramers pairs switch
their partners.

(a) massless Dirac model
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(b) random SO model

02 f=—""




Including other disorder terms:

H=-1Av,e-V+ V(x)

Ripples in corrugated graphene = a random vector potential

O T 1 : : : :

sy, s |
! o A0 (symplectic)
o A=Ay, Ay=0
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Nomura, Ryu, Koshino, Mudry, AF, PRL 100, 246806 (2008)

(i) Suppressed (anti)localization effect
(i) Exactly at the IQH plateau transition point between o, = J_r% 14



IQHE
mo(G/H) = m(URN)/U(N) xU(N)) =Z (Pruisken, 1983)

topological secTors labeled by an integer 0re 2-parameter scaling
Ch[Q] := / d2retr[Q9,Q0,Q) € Z A
1672
topological term as a phase of fermion determinant v ! Y

(can be obtained from chiral anomaly)

e~SerlQl = [ DI, e £rEr = Det(D[Q)) | Y v

= ¢toplQlDet(D[Q))| j
A

theta angle can be tuned - .
Critical point for —

0 = oyy/(e?/h) pleateau transition

/ T e T
-1/2 0 1/2

Dirac fermions with random V, m, A (Ludwig et al., PRB 1994)
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Phase diagram in uniform magnetic field

weak B field

(strong disorder)

A

v

Single Dirac cone

strong B field
(weak disorder)

o, =0 is a critical line (QH transition)
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Summary

« 2d surface states of 3d strong Z, insulators:
an odd number of Dirac fermions (graphene with smooth disorder)

H = —i(0,0, + 0,0,) + V(x,y)og
nonlinear sigma model with a Z, fopological ferm

t (8Q)2 + iﬂn[Q] ===p Always metallic (no localization at all)

__dlng
B(g)—dlnL

>0

« 2d surface of 3d weak Z, insulators
an even humber of Dirac fermions (Kane-Mele model + disorder)
nonlinear sigma model has no topological term
conventional symplectic class
t*tr(eQf = va2.7

2 sets of boundary multifractal exponents

(metal/top. insulator vs. metal/insulator) .



