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Motivation

o Obtain explicit expressions for the stationary state of the multi-species asymmetric
simple exclusion process using represention theory and theory of symmetric
polynomials.
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Motivation

o Obtain explicit expressions for the stationary state of the multi-species asymmetric
simple exclusion process using represention theory and theory of symmetric
polynomials.

o Obtain new explicit expressions for Macdonald polynomials using stochastic
processes.
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Asymmetric simple exclusion process (ASEP)

ASEP
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Asymmetric simple exclusion process (ASEP)

Continuous time Markov chain of hopping particles:

\ 1 Configurations v = (1, . - ., fn)
pi € {07 1}

/ t Markov chain:
01 — 10 with rate 1
10 — 01 with rate ¢t

Generalise to multi-species process

Multi-species exclusion process and Macdonald polyno



o remmeviosle ccuson rocess |
multi-species ASEP

\ i
/t

Configurations 1 = (g1, - - -, ftn), wi€{0,...,r}

rate 1 if pi < pigs

...,LL,',/,LH_1.‘.'—>.../.l/[+17l,Lj...{ rate t if/li>/1i+1

We will be interested in the stationary state

Multi-species exclusion process and Macdonald polyno 18 Februe



Transition matrix

Let |) € C™*' be the standard basis.

The local transition matrix between | ... uj, pip1...) and | ... pip1, pi .. .) is given by

0 0 0 O
0 -1 t 0
L=1o 1 -t o
0 0 0 O

The stationary state |oo) is defined by

n

Do Lilee) =0, oo} =D fuualie)-
i=1

o

and we would like to know f,,.
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In the case of r = 1:

Theorem (Derrida,Evans, Hakim,Pasquier,)

There exist matrices Aq and Ay such that

and
AcAs — tA1A) = (1 — f)(Ao + A1)

Trivial representation (Ao = A1 = 2) suffices for r = 1 periodic boundary conditions.

For general r (Prolhac et al) or open boundaries we need “t-bosons”:

A=¢+1,  Ar=¢ +1,

¢’ —tolp=1-1t,
with infinite “Fock representation”

¢lim) =|m+1),  ¢lm) = (1 —t")m—1).
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Inhomogeneous generalisation

@ The (multi-species) ASEP is a quantum integrable system (Yang-Baxter)
@ There exist an integrable discrete time generalisation with spatial inhomogeneities:

Let
b+:t(x_y)’ b7:t71b+,
x—y
ct=1-b", c =1-b". (1)

Then for r = 1, define a generalised local transition matrix between | ... i, g1 . ..)
and \...u,-+1,u,-...> by

1 0 0 O
X 0 c bt 0 o -1 5
R/(X7y): 0 b~ ¢ ol Li:Ri(1ﬂ1) 1Ri(171)'
0 0 0 1
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Generalised stationary state
The generalised inhomogeneous stationary state |oo) is now defined by

Ri(xi, xi+1) |00) = si00),  [00) =D fuyooun(X, -, Xn)|11)-
m

with quasi-periodic boundary condition

. — M .
f#n»#1v~y#n—1 (an? X17 sy Xn—1; q7 t) - q nf,u1 ..... Hn(X1 PN Xn; q, t)
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Generalised stationary state
The generalised inhomogeneous stationary state |oo) is now defined by

Ri(xi, xi+1) |00) = si00),  [00) =D fuyooun(X, -, Xn)|11)-
m

with quasi-periodic boundary condition

. — M .
f#n»#1v~y#n—1 (an? X17 sy Xn—1; q7 t) - q nf,u1 ..... Hn(X1 PN Xn; q, t)

To solve for f, we assume that

Fueen (Ot 0) = T (A (1) -+ A (X0)S)
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Macdonald polynomials

What are Macdonald polynomials?
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Symmetric group

Lets; (i=1,...,n—1) be generators of the symmetric group S;:

SiSi+1Si = Si+1S5iSi+1

st =1,
There exist a natural t-deformation of S;:
(i —t)(Ti+1)=0, (i=1,....,n=1),

TiTiaTi = Tipa TiTigs.

This is the Hecke algebra (of type A,_1) and S, is recovered when t — 1.

QACEMJ
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Polynomial action

The generators s; act naturally on polynomials:

S,'f(...,X,'7X,'+1,...)Zf(...,X,'H,X/,...) i=1,...n—1

and the t-deformation also has an action:

X — Xit1
Xi — Xit1

Ti=t— (1—8/).

Define the (non-symmetric) polynomials f.(xi, ..., X») by these relations:

7-I'f...,u,-,;l,,+1,... =t f..,u,,;/,,-+1,... i = ity
Tifu,u,',p,,grhm - fu,uHhu,,m i > i1,

— AMn
Whinoseospin 1 = @ g pn-

e Dynamics of the multi-species inhomogeneous ASEP \i’
e t-deformed Knizhnik-Zamolodchikov equations ACEMS
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Macdonald polynomial

Proposition
Let A = (A\1,..., n) with\y > ... > \n. The polynomial Py defined by

Pi(X1,...,Xn; Q, 1) = Z* foorx(Xt, ..., Xn; G, t)

o€Sy

is symmetric and equal to a Macdonald polynomial.

Macdonald polynomials are (q, t) generalisations of Schur polynomials (characters of
the symmetric group).

The form
At x0) = Tr (An, (1) -+ A, (0)S)

implies a matrix product for Macdonald polynomials which is a completely new way of

writing these polynomials \
QACEMJ
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Theorem (Cantini, dG, Wheeler)

Pa(Xt,....xmq, )= > Tr [SHAH, X; ] ,

plpt=x

where the sum is over all permutations . of \.

The normalised stationary state of the multi-species ASEP is given by

[SﬁAm(xf)] ,
i=1

1
f#h'-'«ﬂn = P,
I

specialisedtoq=x1=...=xp = 1.

QACEMJ

Multi-species exclusion process and Macdonald polyno 18 February 2016 14/26



Explicit construction

For r = A\ write
A(x) = (Ao(X),..., A (X)),

as an (r + 1)-dimensional operator valued column vector.

The exchange relations are equivalent to

Rix,y) - 1A() ® A(y)] = [A(y) ® A(X)]

R(x,y) is the Ui(sl+1) R-matrix of dimension (r + 1)? (r = 1 is the 6-vertex model).

QACEMJ
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Yang-Baxter algebra and Nested Matrix Product Form

More familiar is rank r Yang-Baxter algebra:

R(x,y) - [L(x) @ L(y)] = [L(y) ® L(x)] - R(x,y)
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Yang-Baxter algebra and Nested Matrix Product Form
More familiar is rank r Yang-Baxter algebra:

R(x,y) - [L(x) @ L(y)] = [L(y) ® L(x)] - R(x,y)

Assume a solution of the following modified RLL relation
AO(x,y) - [Lx) @ Ly)| = [L) @ Lx)| - BV (x,)

in terms of an (r + 1) x r operator-valued matrix L(x) = L (x).
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Yang-Baxter algebra and Nested Matrix Product Form

More familiar is rank r Yang-Baxter algebra:

R(x,y) - [L(x) @ L(y)] = [L(y) ® L(x)] - R(x,y)

Assume a solution of the following modified RLL relation
AO(x,y) - [Lx) @ Ly)| = [L) @ Lx)| - BV (x,)
in terms of an (r + 1) x r operator-valued matrix L(x) = L (x).
Then
ADx) = L) - LV (x)-- - LV(x)

Solves the algebra
R(x,y) - [A() @ A(y)] = [Aly) © A(X)]
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o eeconsiucion |
Rank 1 solution

Explicitly

RO(x,y) - [Loo @ Ly)] = [Ly) e L] - BV (x,y)

for r =1 is given by

2 L (1)GI-(6)-(2)
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Rank 2 solution

| — |

 ~

o X

x &

-xX3

(

®

/

O %

x ©

- X x

/'\

—_
coloocoloo
+ +
colooxlot
ohloocof,o
_ [
ocoloo ol
ocolo~oloo
Lholbooloo

_ |
o llooco|lqgo
bolgooloo
coloocoloo

QACEMJ

18 February 2016

o
e
>
S
a
o
<
c
S
°
<
5
=
o
€
5}
@
@
4
o)
2
G
=
2
@
=2
]
=
[}
@
2
s}
@
o
@
=l
b=




We construct a solution for A in the following way:
; } 1 oeh\ 1+ x¢!
AX)=IOPx)-[Vx)=|xk 0 ( ) = Kk |.
X 2
Xp X Xp + X

Example:

f001122(X1 ,.oo, X6, = tu, t) =Tr [Ao(X1 )Ao(Xg)A1 (X3)A1 (X4)A2(X5)A2(X5)S],

AO(X) =1 +X¢f7

A1 (X) = Xk7

Ax(X) = X + X,
S has the form

S=k'=diag{1,t",t7 ...} =diag{1,9 ', q 7%, ...}.
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Example

foott22(X1, ..., Xe;q = t, 1) =

Tr [(1 + Xq dﬁ) (1 + x2¢f) XskXakxs (¢ + X5) X6 (¢ + Xe) S]

= X3XaX5Xg T [(X5Xek2 + (X1 + X2) (X5 4 X6) ' K2 + Xy X2(¢T)2k2¢2) S] ;
where other terms involving unequal powers of ¢ and a have zero trace.
Normalising with Tr(k*S) we finally get

footi22 (X1, ..., Xe;q = ', t) = XsXaXEXE
> Trotok®S
Trk2S

Trk2S

QACEMJ

+ XaXaXs X (X1 + X2)(X5 + X )t + X1 X2 X3 X4 X5 Xo
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o eeconsiucion |
Solution for rank 3

1 o b \@ NG o (Ao
(3) _ Xk3k2 0 0 2 1 _ Ay (X)
ATV dhage  xks O ()’((;‘)2 0 ) (x) = | A |
2

X3 x¢3¢£ X As(x)
% % % : ] 3\ 7\ Ao(x)
Po-la gl |88 '(D) =g |
D B B D D As(x)
QACEMJ
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Xq

X2

X3

X4

X5

X6
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Summation formula

A corollary is the following new summation formula.

Let \[K] be a partition obtained from X\ by replacing all parts of size < k with 0.

- A[i — 1
P)\(X1,...,Xn;q,t)zzTUOX,\OH Z C,( ]> TUOX)\[,]O 1

€Sy i=1 \oesy oo A[i]
with coefficients that satisfy Ci(A\, u) = 0 ifany 0 < A < uk, and

A A r (Nsp) 1 tk
. =C (M) (J=Naj(A;n) —
G =0 () = I (v H L

j=it1 e 1—g7t

otherwise.
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Specialisations

e Monomial symmetric polynomials (t = 1)

n
Py(Xt,...,Xn;q,1) = Z sgox)\oHXA[,] = Z oo (fo‘") =my(X1,...,Xn),
i=1

oES) oSy

e Hall-Littlewood polynomials (g = 0)

Pi(X1, ..., xn; t) = Z T, oXAoHX)\[,]f Z T, o(HxA,)

oSy o€S)

QACEMJ
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Specialisations

e g—Whittaker polynomials (t = 0)

r—1 Ali —1]
Py(X1,...,Xn; q,0) = Z DJOXAOH< Z C,'< )DUOXA[I]O> 1

cES, i=1 \oeSy\p oo Al]

with coefficients that satisfy Ci(\, ) = 0if any 0 < A\x < , and

Ci(A, 1) = [T, V"3 otherwise, and where each D, is now composed of the

divided-difference operators

Di = (xi/xie1 — 1)7'(1 — s1), 1<i<n—1.

QACEMJ
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Conclusion

@ Explicit construction of (matrix product) stationary state of a multi-species
inhomgeneous exclusion process

@ Use Yang-Baxter integrability, representation theory, theory of multi-variable
polynomials

@ New explicit formulas for Macdonald polynomials using ideas from stochastic
processes
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